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The aim of this paper is to study the expansion with respect to the large and real
parameter ) of the integral

1 1
II(\) ::/ / . x% logh (21) . . logh™ ()
0 0
Xf(x1, ..., xn)g( A2t .ozl )dey ... Ay,

where for ¢ € {1,...,n} : a; > 0, [; € N and «; is complex with Re(a;) > —1.
Moreover, f is a smooth enough function and g belongs to B,(]0,+o0[), a space
defined below. The derivation of such an asymptotic expansion is established by
induction on the integer n and makes use of a basic concept: the integration in the
finite part sense of Hadamard.

1. Introduction

In many problems, it is worth finding the asymptotic expansion with respect to the
large and real parameter A of the integral

TV = /0 h(z)g(Az®) das, (1.1)

where a; > 0 and the pseudofunctions h and g present more or less restrictive
behaviour, respectively, near the critical point zero on the right and at infinity.
Several methods are available to deal with JI*()\). The reader is for instance referred
to Bleistein & Handelsman (1975) or Wong (1989) for an approach based on the
Mellin transform and also to Estrada & Kanwal (1990) for a distributional point
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1196 A. Sellier

of view (here obtained by writing JH()\) = (G(Nzy),h(x1)) if N = A/, G is
the generalized function such that G(X ) := g(X?) and (,) designates a duality
bracket). Moreover (see Sellier 1994, theorem 3), the concept of integration in the
finite part sense of Hadamard (1932) turns out to be an alternative and powerful tool
to treat the integral J(\) when pseudo—functions h and g offer, respectively, near
zero and at infinity an expansion involving complex powers of z; and integer powers
of log(z1). In such a case and for given A, the function w(z) := h(:vl) g(Az]') may
be not integrable on a neighbourhood of zero and J#()\) = fp fo h(z1)g(Az$) daq,
where fp means an integration in the finite part sense of Hadamard (see §2).
A special case of (1.1) is provided by

L'\ = /01 2 log" (1) f(x1)g(Azi?) day, (12)

with oy € C if C designates the set of complex numbers, Re(a;) > —1,l; € N,
f € C®[R) and g € S(R), the Schwartz space. Under these strong assumptions
the asymptotic expansion of I*()) is easy to obtain (the reader may consult Brun-
ing (1984), theorem 1, case n = 1). Nevertheless, it is possible to weaken the
assumptions both bearing on functions f and g by using Hadamard’s concept.
This is achieved by introducing for » > 0 a set containing S(R) which is the
space of complex pseudo-functions B, (]0,+oc[) = {complex function g bounded
on Ry and there ex1sts a neighbourhood of infinity in which the function g obeys
g(x) = Ze ozm =% gemx e log™(z) + 27 *GX(x) with function G bounded and
Re(Ap) < --- < Re(Ag) <r < s}. Then (see §3, theorem 11), one obtains up to
o(A™") the asymptotic expansion of I"()\) when f is bounded on [0, 1], smooth enough
on a neighbourhood on the right of zero and g € B,.(]0, +00]).

The question of finding the asymptotic expansion of multidimensional integrals
is more difficult and not so much investigated. When g(t) := e'#*, the method of
steepest descents is used (see Bleistein & Handelsman 1975; Wong 1989). Observe
that Estrada & Kanwal (1992, 1994) dealt with the asymptotic expansion of certain
multidimensional generalized functions. In this paper we are interested in expanding
forn>1, (a1,...,a,) € R, (Iy,...,1,) € N* and (a,...,a,) € C™ with Re(a;) >
—1 the integral

1 1
Ir(\) = /0 /o 2. 2 logh (z1) .. . logh (2,)

Xf(x1, .. xn)gAa}t .. zdn)day ... day, (1.3)

which is an extension of I (\) to n > 2. According to Bruning & Heintze (1984) and
also Bruning (1984), such a question is crucial when deriving an asymptotic expansion
of the trace of the equivariant heat kernel. Barlet (1982), and also Bruning (1984),
indeed showed that for f € C*(R"), g € S(R) and (a1,...,a,) € R,

ZZZ < TP, f > log! (A A~ (tptt)/as, (1.4)

i=1 peN j=

with J := {3+ -+1,+n—1 and T»PJ designates a generalized function with support
in theset {z = (z1,...,2,) € [0, 1]” [1}-, z; = 0}. Unfortunately, these works do not
provide the dlstrlbutlons Ti»J. This was done by using Mellin transform for n = 2,
(l1,12) = (0,0) and (al,az) € R%? by McClure & Wong (1987). Accordingly, this
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Asymptotic expansion of multidimensional integrals 1197

study was mainly motivated by the paper by Bruning (1984), i.e. the very first aim
was to detail the above-mentioned generalized functions T2P+.

Since the proposed approach also permits us to deal Wlth a function g belonging
to a space larger than S(R), this paper presents the derivation of the asymptotic
expansion of IJ()) up to order o(A™") when g € B,(]0,+oo[) and f is a smooth
enough function. Not only each generalized function 7?7 but also new coefficients
(G, f) (related to the behaviour of function g near 1nﬁn1ty) will be given. This
expansion is proposed for (I1,...,l,) € N*, (a1,...,a,) € C™ with Re(a;) > —1 and
is based on the use of the integration in the finite part sense of Hadamard.

This work is organized as follows. In § 2, multidimensional integration in the finite
part sense of Hadamard and a useful lemma are introduced. Two basic theorems
are exhibited in §3. As a consequence, the case n = 1 (see theorem 11) and an
important lemma (see lemma 12) are proved. The asymptotic expansion of I () and
a key proposition are presented in §4. Finally, the derivation of the stated theorem
is achieved in several steps and by induction in §§5 and 6.

2. The concept of integration in the finite part sense of Hadamard

As outlined in the above introduction, the important tool for this paper is the con-
cept of multidimensional integration in the finite part sense of Hadamard. Thereby
this section not only introduces both this notion and appropriate functional spaces
but also useful results. For detailed explanations regarding the one-dimensional case
the reader may successively consult Hadamard (1932), Schwartz (1966) and Sellier
(1994). By now, C' denotes the set of complex numbers.

Definition 1. For r > 0, the complex function A is of the second kind on the set
10, 7[ if, and only if, there exist a complex function H, a family of positive integers
(M(n)), and two complex families (8,) and (gnm) such that

N M(n)

Ve €]0,7[, h(e) = Z Z Prm€® log™ (€) + H (€), (2.1)

n=0m=K(n)

Re(By) < Re(Bn-1) < ... < Re(B1) < Re(fo) :=
li_r'r(l) H(e) € C and hgo := 0 for Gy = 0. (2.2)

According to Hadamard’s concept (see Hadamard 1932; Schwartz 1966) the finite
part in the Hadamard sense of the quantity h(e), noted fp[h(e)], is the complex
lims_.o H(G)

Definition 2. A complex function f € L} (]0,+oo[,C) belongs to £(]0, +o0[, C)
if, and only if, the function hy defined on ]0,r] by hy(e) f(z)dz is of the
second kind. Moreover, the linear transformation fp acting on 8 (]0, +o0[, C) is such

that for any f € £(]0,+0o[,C) : fp [, f(z) dz := fplhs(e)].

Definition 3. A complex function f belongs to the set P(]0,+oo],C) if, and
only if, f € LL.(]0,4+o00[,C) and there exist positive reals ny and Ay, two functions
F° € Ll([O ns],C) and F* € L'([Af,+oo[,C), two families of positive integers

Phil. Trans. R. Soc. Lond. A (1996)
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1198 A. Sellier
(J()), (K (1)) and complex families (o), (f}), () and (f;’) such that
IoJ3)
= ZZ flxvilog’  + FO(x), ae. in]0,7n/],
i=0 j=0
Re(ar) < Re(ar_1) < ... < Re(a1) < Re(ayg) := —1,; (2.3)
L K()
= Z fa " logh x + F°(x), a.e. in [Af, +00],
1=0 k=0
Re(vr) < Re(yr-1) < ... < Re(m) < Re(yo) := 1. (2.4)

Observe that definition 3 implies a specific behaviour of the function f near zero
and near infinity. For instance, if there exists (7, j) with # 0 then f is singular at
zero (i.e. admits no limit as  tends to zero) and is not 1ntegrable on the set |0, 7¢].

Proposition 4. For j € N, o € C and two real values a and b with 0 < a < b,
then

b
/ z%log’ x dz = PJ(b) — Pi(a), (2.5)

log’ ™ (t)

ith P (t) :=
wl 71 (1) Jt1

, else PI(t) :=t*t! Z k' @ + 1+J ~log"(t).  (2.6)

This result leads to the next proposition.

Proposition 5. P(]0,+oo[,C) C £(]0,+00[,C) and for any f € P(]0, +o0],C),

o [ 1 M—huifdﬂl/f

I J(i) L K@)
+/ Fo(x)dx—l—/ (@) dz+ Y > fAPI(6) =D fRPh,(B),
0 B i=0j=0 1=0 k=0

(2.7)
for any pair (6, B) such that 0 < 6§ <y and Ay < B < +o00.

For f € PS!O +oo[ C) and according to definition 3 and proposition 4 the function
f f(z)dz is indeed of the second kind. Application of definition 1 and
some algebra ensure the equality (2.7).
Change of variable when dealing with this specific integration may generate correc-
tive terms. The following lemma gives those additional terms for two useful changes
of variable when the function belongs to P(]0, +oc], C).

Lemma 6. Consider f € P(]0,+oo[,C) and two real values A and a with A # 0
and a > 0. If we set sgn(\) := \/|A|,

oY) sgn(X)oco
mAfmm=m/ FOM)AA)

J(0) j+1 K(0) k+1
A lo A
+Z(5—1 aOfO] | | 251 vofok i+1| l, (2.8)

Phil. Trans. R. Soc. Lond. A (1996)
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Asymptotic expansion of multidimensional integrals 1199

where for complex values z; and z3; 6., ., = 0 except if 21 = 23 : ., ,, = 1. Moreover,
for the change of variable r := t*

prwf@nu=prwﬂwMW%=prmm%vv%w. (2.9)

Proof. These results are deduced by applying definition 3. Equality (2.8) is proved
in Sellier (1994). Consider now the relation (2.9). For f € P(]0,+oo[,C) and € = 0,
we introduce the complex functions ‘

1/e 1/e€
) :/ flx)dz, ha(e) := f(*)d(t*), and A(e) := ha(e) — hi(e).
‘ ‘ (2.10)
Since f € L .(]0,+o00],C), change of variable x := t* is legitimate for A(e) and leads
to

1/€* 1/e € 1/e®
A(e):/ f(z)dz — f(x)d:c=/a f(x)dx+/ f(z)da. (2.11)

a 1/6
Use of expansions (2.3) and (2.4) for € small enough makes it possible to write
€ 1/€
A(e) =/ Fo(x)d:c+/ F*(z)dx
€2 1/e
1 J6) LK) /e
+ Z Z / “og’ xdx + Z Z b / " log" xdz. (2.12)
i=0 j=0 1=0 k=0 1/e

Because a > 0, F° € L*([0,7;],C) and F*> € L'([A}, +00[,C) the function

€ 1/€*
D(e) := / FO(z)dx + / F(z)dz
€ 1/e
tends to zero with e. Application of proposition 4 allows us to cast A(e) in the next
form

1 J(35) L K@)
szloj[ +ZZflk k(€79 = PE (e7))] + D(e).
=0 j=0 1=0 k=0

(2.13)
Since f € P(]0,+o0[,C), hy is of the second kind. Moreover, combination of equalities
(2.6) and (2.13) shows that A is of the second kind. Consequently, hy = h; + A
is also of the second kind and the new function g defined by g(t) := at®~!f(t%)
belongs to £(]0, +ool, C). Finally, the assumptions Re(a;) < —1, Re(y;) < 1 and the
definitions (2.6) associated with lim,_,q D(¢) = 0 and assumption a > 0 ensure that
fplA(e)] =0, i.e. provide the result (2.9).

For 0 < b S, +oo it is also easy to define for an appropriate function f the
quantities fp fo z)dz or fp fb x) dx. Application of definition 2 leads to the
introduction of the sets P(]0,b[,C) := {f e L} (]0,b],C) and if f_ obeys f_(z) :=
f(z) ae. in ]0 b and f_(z) := 0 a.e. in |b,4+ool, then f_ € P(]0,+oco[,C)} and
P()b, +oo[,C) := {f € L ([b, +o0[,C) and if f obeys [+(z) :== f(z) a.e. in [b, +00]
and f4(z) —0 a.e. in |0, b[, then fi € P(]0,+o0[,C)}. For f € P(]0,b],C),

m/f M—ﬁ/f

Phil. Trans. R. Soc. Lond. A (1996)
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1200 A. Sellier
and for f € P(]b, +oo|,C),

fp/oo f(z)dz := fp/oo fo(x) de.

If 0 < ¢ < +oo and f € P(]0,c[,C) then for any real b such that 0 < b < ¢

m/ﬂmM=m/fWM+mAfmm

0 0

(this latter integral reducing to a usual integration if ¢ < 4o00). For instance, if
f € P(0,b[,C) and X is real and non-zero, lemma 6 yields

b/ J(0) 7+ I)\I

b
hLﬂWm#pofWMM+Z&m&——*

7=0

(2.14)

This study also requires the extension of this concept of integration in the finite
part sense of Hadamard to the case of multidimensional integration. More precisely,
we are interested in defining for n > 2 and f a smooth enough function, the quantities
L! such that

by by
= 1(Z1 , dxg| dzy, .
fp/o g1(z ){fp/o g2(z2) f (w1, T2) 452] z1 (2.15)
by
L£>3 fp/ g1(1)

b bn
X {fp/o g2(x2) ... [fp/o gn(xn)f(;rl,...,xn)dxn] ...dxz] dzq,

where for all 7 € {1,...,n} : 0 < b; < +o00 and g; € P(]0,b;[,C). Observe that, for
any function g;, it is possible to find the positive integer ¢; := inf{m € N, z2™g;(z) €
L'([0,b;],C)}. By now, it is assumed that f is continuous on an open set U containing
the compact [0,b1] x ... x [0, b,]. If ¢ := max(qi,...,q,) = 0 each function g; belongs
to L*([0,b;],C) and L{ reduces to a usual integration.

For n > 1, some convenient notations are introduced. If z = (zy,...,z,) € R™ and
p=(p1,...,pn) € N", it is understood that |p| := p1 + ...+ pn, a? := 2" ... 2P~ and
that the differential operator DP, of order |p|, satisfies DP := 9Pt /Qz}* ... 0P~ /Oxbr =
DIPl/§zh ... §xP. Moreover, for ¢ = (qi, . .., q,) € N™ if {2 designates a bounded and
open subset of R™ and 42 its boundary, D(1+4%)(£2) is the set of complex functions
f such that for any p = (p1,...,pn) € N* with 0 < p; < ¢; (Vi € {1,...,n}) D?(f)
exists and is continuous on an open set U countaining the compact {2 U 82. When
n =1 and ¢ € N*, one may remember that for f € DI(2) and (z,y) € 2 x 2 the
Taylor polynomial expansion of this function f of order ¢ — 1 at point y, noted Tf "
and the associated remainder Rq , obey the well-known relations

(Z) )
ij ()" (216)

B3, (@) = 1) = T @) = S0 [0 0y e - et 27

Application of the previous notations allows one to define the integral Lé for f

Phil. Trans. R. Soc. Lond. A (1996)
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Asymptotic expansion of multidimensional integrals 1201

belonging to D@:92)(]0, b1 [x]0, by[). As already outlined, L} turns out to be a usual
integration if (g1,¢2) = (0,0). Assume that 92, > 1 (the case go = 0 will be later
discussed), then the functlon Bs[f](z1) := fp fo 92(x2) f(x1, 22) dzo takes the form

ba g2—1 62 ba xiz
Bz[f](:cl)z/o 92(z2) RE [f)(21, 32) dza + (xl,O)fp/ ga(z2) 7y do2

20 073 5
(2.18)
for any z; € [0, b1], and with equality (2.17)

g2 1 .
RE[f)(z1, 22) = (—qj”f—l), /0 (1—t)42‘lgig{ (21, tz2) . (2.19)

Since f € D@92)(]0,by[x]0,by[), the derivatives 9 RE[f](z1,x2)/0z} exist on
[0,b1] % [0, by] for 0 < 41 < g1 (they are obtained by derivating equality (2.19) because
as continuous on the compact [0,b1] x [0,b2] the functlon 8“6’2 [0z 02 (21, x2)
is bounded on it) and By[f] € D®(]0,b;[). Thus, L = fpfo g1(z1) Bg[f](xl)dxl
admits a sense. If ¢; > 1, some algebra yields

b b a1—1 o ;

1 2 611f le

f _ 1
L; = /0 g1(r1) [/0 {f(ivl,ivz) E:o —_Ba:’f (0, z2) il

2=l gi g1—1lga—1 )
0% a;' 811+12 T 1l_12
- Z 6:5’{( 21,0 2 + Z Z e O J; 0,0) 1 : }gz(iﬁz)dxz] dz;

i2_0 'Ll O'Lz 0

q{;l [ / xilgl(fﬁl)dxl] [fp/0b2 g“z{ (0, :rz)gz(xg)dxz]
‘“21 [ / xézgz(wz)dwz] [fp/ob1 %(xl,())gl(:cl)dxl]

i3 —0
q1—1¢ga—1 1 8“+sz by ' by
- 0 s d ia das | .
f:) ?;) i145! 8:c“6x’2( )[fp/o 21 g1 (1) xl] [fp/o 3 g2 (22) wz]
(2.20)

It is clear that the first integral on the right-hand side of (2.20) is a usual one.
Consequently, Fub1n1 s theorem applies to this first term. Each of the remaining
contributions to L2 involve one-dimensional integrations in the finite part sense of
Hadamard which are all legitimate (for instance, the function 8% f/dz{'(0,z2) be-
longs to D%(]0, bs[)). If g2 > 1 and ¢; = 0, one obtains

by by 92—1 g;, ig
= [T [ e - X @05 bn) )

i2=0
qzzl [ / fézgz(xz)difz] [/Obl gzé(:rl,O)gl(:cl)dxl}, (2.21)

and for ¢; > 1, g2 = 0 the function By[f] rewrites Bs[f](x1) = f0b2 g2(z2) f (21, 22) dzo

Phil. Trans. R. Soc. Lond. A (1996)
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1202 A. Sellier
and
b b qa—1 o i
1 \ o :
L= /O g1(z1) [/O {f(q,‘l,.TQ) - ;:O ax{: (O,xz)%}gz(xz)dxz] da;
q1—1 1 b1 ) by ailf
Faa [f P # gl(xl)dxl] [ / a—lvi—l(ﬁ,xz)gz(xz)dxz]. (2.22)

These expansions (2.20)(2.22) of the integral L] also show that for z = (21, z5)

fp/ob1 g1(1) [fp /;2 92(2) f (z) dfvz] dz;

=fp /Ob2 g2(x2) [fp/ob1 gl(fﬂl)f(ff)dxl] dzs.

[ |
For n > 3, the following proposition holds.

Proposition 7. Consider n > 3 and families (b;), (g:), (¢;) with Vi € {1,...,n} :
0 < b <400, gi € P(0,b,[,C),q; := inf{m € N,z™g;(x) € L'([0,b;],C)}. It is
possible to define by induction for f € D) (]0,b,[x ... x]0,b,[) the complex

b1 bo
Li = fp/o 91($1){fp/0 QQ(ZEQ)...

x [fp /Ob" In(@)f (@1 s T0) dxn} . dxz} day (2.23)

and if o denotes any permutation of the set {1,...,n}
; bo(1) bo(2)
Ly = fp/ 9o1)(To(1)) [fp/ 9o2)(To(2)) -+
0 0
bo(n)
X [fp/ Jo(n) (xo(n))f(xla cee ’xn) dxo(”’):‘ o dl‘a(2):| ClJ)U(l)' (224)
0

Proof. For f € D(‘“;“*q")(]O,bl[x ... %x]0,b,[) and (z1,...,2,) = (y,z), the func-
tion B,[f](y) == fp [," gn(20) f(y, z,) dz, rewrites

bn
Bulf](y) = / n(@n) (0, 20) i, i g = 0, (2.25)
an—1 Gin f b 2
B0 = 3 Gl 00| g0 [ nien P an
on gn(xn)xgz" ! qn— o f .
+/0 (qn——i)_' l:/o (1 — t) 16:[7%" (y,til?n)dt] dl‘n, if gn = 1.
(2.26)

Consequently, the function B,[f] belongs to D1 +%-1(]0,b,[x ... x]0,b,_,[) and
LS = LB"Y) This latter relation provides L by induction and also leads to Lf =
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Asymptotic expansion of multidimensional integrals 1203

LB Bl for 9 < p < m—1 and B;B;[f] := B;[B;[f]]. The reader may easily

n—

prove (2.24) by induction for n > 3, since it is true for n =2 and L] = Lfﬁ[lf L om

Proposition 7 introduces L{ but it is worth obtaining a formula to calculate such
a quantity. For k € {1,...,n}, 6, and t; are two operators acting on R™ and such
that if (y1,...,Yn) = 6k(z1,...,2,) and (21,...,2,) = te(21,...,2,) then yp = 0,
2z, = tpxy and for i # k, y; = z; = z;. The next proposition gives the required
expansion.

Proposition 8. Following proposition 7, consider for n > 3 families (b;), (g:),
(¢:), E == {i € {1,...,n}q > 1} = (j(l))le{l,...,m} if m = card(E) > 1, and also
S, = {0, 0 is a permutation of {1,...,m}}. Then, for

f e D10, by[x ... x]0,by,])
by ba
L} =fp/0 gl(xl){fp/o ga(z2) . ..
bn
X[fp/ gn(xn)f(xl,---axn) dxnil dl’g} dz,
0

:/Obl gl(xl)[/obz ga(@a) ... [/Ob gn(n) HR‘“[f](xl,...,xn)dxn] ...dxg] dz,

jEE

Gm~1  gGm—l m

+ 3y H[/Obm g5 )%ij(l), du]

. A i)
=0 ij(m=01=1 i

o oty . §litm)
XJi(EbZ{’fj»?.,n}\E[a (1) 9 ij(rj:)
Ti - 9Eim)

(6j(1) e 6j(m)x)]

el Giem) 1

1— 6, ey
TIZZC% Z Z

0ESy p=1 tieN=0 (o) =0

Ld bj(o (k) i)
; - (bi,gi)
X 11 [/0 Gi(o(ky) (W) o] du] Lo <icm

_|_

it tijem) f

H R4i(o(k)) |:6 v 3 o) (6J(0’(1)) A 6](0'(p))££)j|j|
k=p-+1

Lio1)) " %o (p))

where CP, := ml!/[p!(m — p)!] for positive integers m, p such that 0 < p < m;
the operators T%, R% obey for g, > 1 and h € DW@-9)(]0,b1[x ... x]0,by[) the
definition

X

| — R

a—1 4 i
Tt O h
T™hl@) = 3 T o
: k

i =0

(bkz), R™[A)(x) = h(z) — T*[h](z), (2.27)

and the integral Ji(glgé){1,..,,n} [h] is defined later (see (2.31)).
Proof. First, it is indeed assumed that m = card(E) > 1 so that L{ is not a
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1204 A. Sellier

usual integration. Consider b € D) (]0,b;[x ... x]0,b,[) and (I,p) € {1,...,n}?
with | # p. According to (2.27), T@T%[h] = T®[T9%[h]] = T9%T%[h]. Moreover,
RuT9%[h] = T%[h] — T*T%[h] = T%[h — TU[h]] = T RU[h); T*R¥[h] = T%[h —
T%[h]] = R®T%[h] and R®R¥[h] = h — T%[h] — T%[h] + T2T%[h] = R¥» R%[h).
Thus, the identity f = [R%®) + T%®]. . [R%(m + T%][f] may be cast into the
useful and well-known form

§=TLR A+ T o + -

m!
JEE JjEE
m—1
% § E CP Tt ... T9e®) RIrt1) ... RIite(m)[f]] (2.28)
c€S, p=1

where 6,1 = 0 except if m = 1: §;; = 1. Relation (2.17) combined with the definition
of operator t; ensures

9j(a(m)) 1 .
z! e tm)) f
ol _ j(o(m)) (o (m)) —
RO [f](z) = [——7—m—_1—],/ [1 = 50 (mp)) YD T g [t (o (m) 2] Ao (my)
dj(o(m)) *Jo Tj(o(m))

(2.29)
and thereafter R%«m)[f] € D”f(a(m))(‘11““"7")(Hi;éj(o(?n))](),bi[), where for n > 2 and
1 < k < n the operator r} acting on R" is defined by r}(z) = ri(21,...,2,) = v =
(’Ul, e ,Un—l) with:

(i) if k=1then v, =241, 1 <1< n—1;

(ii)if k=nthenv, =xz;, 1 <i<n—1;

(ii)if2<k<nm—1thenv, =z;for 1 <i<k—landv; =x; for k<i<n—1.
It is also clear that the function

Gi(o(p+1)) * * * Gj(o(m)) RUC@+D) ... RIio(m) (/]
belongs to the set
D’";@E;TS)_I)""'f(am))(‘11>""q")(3)
if B is defined by
B= 11 10, by
i3{j(o(p+1)),....5 (0 (m))}
thanks to the relation

m x?j(a(k)) 1
Ritep+1) ... R%i(a(m)) [f](l’) - % / [1 _ tj(g(p+1))]Qj(a(P+l))_1 .
wmpin G — Mo
1 . .
QUi+ Qi) f
j(o(m -1
X [/ [1 = tj(o(mp] ¥ hEwT) . gl tm)
0 Tj(o(p+1)) Tj(a(m))
X[t p+1)) " ti(o(m)T] dtj(a(m))] At (p)) (2.30)

and definition ¢; := inf{m € N,z™g;(z) € L'([0,b;],C)}. For an integer 1 < d < n,
A= (pi)ieqt,...ay € {1,...,n} and families (¢;)ic(1,...,n}, (Ri)ie(1,..,,n} Such that VI €
{1,...,n}: 0 < ¢ < 00, hy is a complex function; the complex Ji(éi;th")[F] is defined
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Asymptotic expansion of multidimensional integrals 1205
for any function F such that [T;c(1, 4 ho; (@p,)]F (%) € LY ([Tjeqr,. 4y [0: 5,], C) by
(Chh ) Cpl 3
Jesm () = / (W F(u)du, ifd=1, (2.31)
1(:5:1’4}11 F] / h’Pl (xpl e

x[/ hpy(Xp ) F(xpys ... xp,)dap, | - - dzy,, ford>2
0

Observe that Fubini’s theorem applies to the above integral. Equality (2.30) proves

. . i1+ (o o (olm z (e (1)) 25 (o (p))
that each derivative 0% () %5( (P))[RqJ( (®+1) ...« R%(a( ))[ ]]/ m’](a(l)) . e -8x3j(0(1;))
exists for 0 < 7500 < q] @), VI € {1,...,p} and that each integral L¥ admit
a sense for w = T%@0) ... T%@E) RG@eE+) ... Ry [f], and according to defini-

tions (2.27) and (2.31) takes the form

b1 bn
fp/ g1 ($1) . [fp/ gn(xn)Tq“"(”) T ) Ri(o(p+1)) L
0 0

X R (e(m)) [f](x) dxn] -ooday

Gean—l  Geen=l p o)) W@ (k)
= > X H[fp/ Gitorn) (1)~ du]

) Li(a(k
iie(1)=0  j(a(p))=0 k=1 3(o (kD!

(b4,91) i (o
i (o @41, (o m)) [Rq“ R
_ i T T | f]
S {8 Gy L gyl (8t Oitown) | | (2.32)
Tie) " i)
To conclude, use of equality (2.28) leads to the result. [ |

3. The asymptotic expansion for the one-dimensional case

This section presents two important theorems which give the expansion, with
respect to a large and real parameter A, of a class of integrals. The one-dimensional
case reduces to an application of those theorems. A basic lemma will be also derived.

Definition 4. For a complex function h, two complex families (a,), (@nm,) such
that the sequence (Re(a,)) is strictly increasing (Re(ap) < Re(a;) < ... < Re(an))
and a family of positive integers (M (n)), the following and abridged notations are
used:

(i) for two reals r and € > 0,

N M(n)
E Arm €™ log™ € := E E Anm €™ log™
m,Re(a)<r n=0 m=0

where N := sup{n, Re(a,) <7};
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1206 A. Sellier
(i)

m,M(n)
lim h(u) = Z Anmu®™ log™ u

u—0
n,Re(aqn)<r

means that there exist a real s = r and a complex function H? bounded in a neigh-
bourhood on the right of zero in which

h(u) = Z A u®™ log™ u + u® H (u)
m,Re(a)<r

and if there exists (n,m) with a,,, # 0 then Sy(h) := inf{Re(a,,), where n is such
that there exists m € {0,..., M(n)} with a,, # 0};
(iii)
m,M(n)
ul_l)rf@h(u) = Z ™ " log™ u
n,Re(an)<r

means that there exist a real s > r and a complex function H° bounded in a
neighbourhood of infinity in which

h’(u) = Z a7mn[u71]an logm u -+ u*SH,OO(u)

m,Re(a)<r

and if there exists (n,m) with a,,, # 0, then Sy (h) := inf{Re(c,), where n is such
that there exists m € {0,..., M(n)} with a,,, # 0}.

This definition allows us to introduce two useful functional spaces.

Definition 5. For two real values 71, 72, and 0 < b < +oo0, the sets £2(]0,b[,C)
and F2(]0, b[, C'), respectively, satisfy

(A) £2(]0,b[,C) := {f, f is a complex pseudo-function and there exist complex
families (o), (Ai;) with (Re(a;)) strictly increasing, a family of positive integers J(7)
with

3,700) |
PE%) flz) = Z Ajjz®log! x;
i, Re(a;)<r

if b < +oo then f € L (]0,b],C) else f € Li (]0,+oc[,C) and there exist complex

loc

families (7vy), (Bnm) with (Re(y,)) strictly increasing, a family (M(n)) with

m,M(n

)
fl{gloof(x) = Z Bz~ log™ x};
n,Re(vn)<r2

(B) F72(]0,0[,C) is the set of pseudo-functions K(zx,u) such that, for X\ large
enough, K (z, z) € P(]0,b[,C) and K(z,u) satisfies the following properties:

(1) There exist a positive integer N, a complex family (v,) with Re(y) < ... <
Re(yn) := 12, families of positive integers (M (n)) and of complex pseudo-functions
(Knm(z)), areal s > 7o, a complex function G,,(z,u), areal B > 0 and a real n > 0
such that for any (x,u) €]0, b[x [n, +oo[:

N M(n)

K(z,u) = Z Z Kpm(@)u™ " log™ u+ u™ G, (x,u); (3.1)

n=0m=0
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Asymptotic expansion of multidimensional integrals 1207

b
/ x 26, (x, A\x) dx
n

there exist a positive integer I, a complex family (a;) with Re(ag) < ... < Re(ay) :=
71, a family of positive integers (J(i)), with for n € {0,...,N}, m € {0,...,M(n)},

Kpm € 51;;(1:3@1) (]0,b],C) and there exist a complex family (K7 ), a real s; = 71, a

< B < +o0; (3.2)

complex function L,,, bounded in a neighbourhood of zero in which
I J() ‘
Kom(z) = Z Z K% x%log’ x + 2° Ly, (). (3.3)
i=0 j=0

(2) For the same 7, 1,s; families (o;) and (J(i)), there exist a real A > 7 -0, a
family of complex pseudo-functions (h*), a complex function H,, (x,u), areal B’ > 0
and a real W > 0 such that for 0 <z < W and u > 0:

1 J()
K(z,u) = Z Z R (w)z® log x + z H,, (x,u); (3.4)

i=0 j=0

< B' < +00; (3.5)

A
‘/ w Hy (u/ A u) du
0
fori € {0,...,I} and j € {0,...,J(¢)},
hit e e 110,400, C).

More precisely,

7,Q(p)
: %) _ ij .05 q
}Llil}]h, Tu) = Z Hju™ log? u
p,Re(Bp)<—1—Re(a;)
and also
m,M(n)
lim A (u) = Z K9 w= " log™ u.

u—+00
n,Re(vn)<1+Re(ay)

Moreover, there exists a complex function O;; bounded in a neighbourhood of infinity
in which

N M(n)
R (u) = Z Z K9 w7 log™ u+ u” 20y (u). (3.6)
n=0 m=0
(3) Finally there exists a complex function W, ., (z,u), bounded in ]0, 7] x [4, +0o0[,
defined as

N M(n)
52 W, (2, u) = K(z,u) — Z Z Ky (z)u™" log™ u
n=0m=0
I J(i) N M(n)
- ZZ [hij(u) — Z Z K9 w7 log™ u] z% log’ z. (3.7)
i=0 j=0 n=0 m=0

Taking into account these definitions and notation C? := n!/[p!(n — p)!] (if n and
p are positive integers with p < n), the two following theorems hold (for a derivation
the reader is referred to Sellier (1994)).
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1208 A. Sellier

Theorem 9. For a real r, if there exist 11 > r — 1 and ro > r such that K(z,u) €
Fr2(]0,0[,C), then when A — +o0

b
fp/ K(z,\z)dx
0

m b
= > Z%[.fp / Ko (2)27 log™ ! () daz| A7 log! A
0

m,Re(v)<r =0

+ Z Zcé(—l)l[fp /Ooo h (v)v* log’ ™! (v) dv

j,Re(a)<r—1 =0

Q(p) ”
— Z Z i log1+j+q_l A
{pBp=—a;—1} g=0 1+j+q—1
M(n) Kii |
+ Z Z - nm log1+J+m—l )\} )\—(Oli"rl)logl)\ i 0()\_,,), (3.8)

{niyn=1+a;} m=0 1+j4+m—1

Wl.iere.each sum ZmlRe(w) <o 18 defined by (?gﬁni?ion 4 and Z pifp=z) I€ANS & con-
tribution corresponding to the value of positive integer p which satisfies 8, = z and

reduces to zero if such a value of p does not exist.

Observe that theorem 9 provides the asymptotic expansion of a singular integral
(in the finite part sense of Hadamard). For this work, this theorem will be only
applied to regular integrals. It is also possible to use the results derived by Bruning
& Seeley (1985). These latter results have been recently extended by Lesch (1993)
to functions with finite expansions at zero and infinity.

Theorem 10. Consider two complex pseudo-functions h € P(]0,b[,C) and also
H. € P(]0,4+00[,C). Assume that there exist three reals t,v,w with t > —Sy(H),
w > max(—t,—1 — Sy(h)) and also if b = +o0, v > max(l — So(H),1 — t) and
t = 1 — Sy (h). Moreover, assume that also h € £/_,(]0,b],C), H € & (]0,4+o0],C)
and h(z)H (Az) € P(]0,b],C). Then, for any real r < t, if \ — +o00

b
fp/O h(z)H(A\x) dz

b
= Z Cl H>. [fp/ h(z)z~ " log™ ! () dx] A7 logh A
0 0

m,Re(v)<r I=

+ Z ZC;(—l)’h?j [fp/ooo H(v)v® log’ ' (v) dv

j,Re(a)<r—11=0

Q(p)
— Z Z __.g&__ log!tita—t )
T4itq—1 ¢
{p;Bp=—0c;i—1} q=0 .
+ Z Mz(n) M log' ™t X AT(@F D Jogh X + 0(A7T), (3.9)
1+54+m-—1 T

{njyn=1+a;} m=0
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Asymptotic expansion of multidimensional integrals 1209
with
3,J(8)
. . 0 i ]
alcl_r% h(z) = Z iz log’
i,Re(a)<t—1

and for function H,

m,M(n)
lim H(u Z H;> uw " log™ u,
v n,Re(vy)<t
2,Q(p)
iii% H(u) = Z H) ufrlog? u.
pRe(B)<w

Note that theorem 10 consists of an application of theorem 9 for K(z,u) =
h(z)H (u) and that assumption H € £ (]0,b[, C) is sufficient but not necessary (see
derivation in Sellier (1994)). Moreover, the coefficients occurring in the expansions
(3.8) or (3.9) are 1ntegrals in the finite part sense of Hadamard even if the initial
quantity fp fo (x, Az) dz reduces to a usual integration (in Lebesgue s sense).

For r > 0 and g € N we introduce the sets B,.(]0,+oo[) = {g; g is
bounded on Ry and lim, ;. g(u) = Z:éﬁf’j))q Gnmu ™ log™ u}, C, (]0 +oo[)
{g; Vv with Re('y) > ~1,¥q € N,g(x)z"log?z € LL_([0,400[,C) and
Hmy— 0o g(u) = 3 heiny<p Gnmu” 7 log™u} and also the set H9(]0,1[) =
{complex functions f <bounded on [0,1] and such that there exists 0 < n < 1
with f € D9(]0,n[)}. Application of theorem 10 leads to the expansion of If(\)
for g € C,(]0, +00().

Theorem 11. Consider a > 0,1 € N and o € C with Re(a) > —1. Suppose that
r > 0 and set ¢ := max(Jar — Re(a)],0) where [b] denotes the integer part of the

real b. If f € H9(]0,1]) and g € C,(]0, +00[), then the integral I} (\) admits, as A
tends to infinity, the following expansion:

() = / *log!(2) f (z)g(Az*) dz

[ar—Re(a)]—1 1

E gy

X [fp / wa @D 06!k (1) g (u) du] A~ (H/a)(atitl) |ggk \
0

+ Z ganCk e k[fp/ f(x)z®= % log™™ % (z) dz:| A= log" A
k=0

m,Re(A)<

I+1 1\ !
+ Z Z (l) f (0) (=1)" U'm!gnm A~ An Jogm L )
a

! 1
m,Re(A)<r {i;aA,=1+a+i} 2. (m + l + 1)
e (3.10)
where it is understood that Zfz:o =0 ifp < 0.
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1210 A. Sellier
Proof. If A := sup,¢(o 1) |f(z)] then

1
] < —A/ 2 log! (2)|g(\a®)| dz 1= —A x D.
0

Moreover, after some algebra and use of the new variable ¢t := Axz®, one gets

1 I+1 l A
D= (—) A—<a+1>/aZCf(—1)elneAU et/ og!(¢)|g(t)| dt|, (3.11)
a 0
e=0
with Re[((a+1)/a)—1] > —1 because Re(a) > —1. Thus, the definition of C,(]0, +o0c|)
shows that I { (X\) exists. Under the proposed assumptions, there exist a neighbour-
hood of zero (on the right), a function F2 _, bounded in this neighbourhood and a
real T' > ar — 1 such that
[ar—Re(a)]—1 fl( ) ‘
F(z) = 2%log' (@) f(z) = i_‘xw log'(z) + 2T F° _(z),  (3.12)
i=0 '
with
(i) if ar — 1 > Re(c) then [ar — Re(a)] > 1 and thanks to decomposition (2.17),

e Fy,_y (2) = [ao bRl log! () /01(1 — )7 A () dt] /(g — 1)1,

where ¢ := [ar — Re(a)];

(i) if ar — 1 < Re(a) then Re(a) + 1 —ar = n > 0 and choice of T := ar — 1 + in
and of FO _ (z) := z*t1=07=1/2Jog! (z) f(z) is possible with F(z) = zTF° _ (x).
Consequently, for any real v, I' € £¥,_,(]0, 1], C). Moreover, if G is defined by G(u) :=

ar—1

g(u®) then G € C,(]0, +oo[) with, in a neighbourhood of infinity,

Glu) = g(w) =Y S a"gunu M log™ u+ uT 0GR (W), s> (3.13)

n=0 m=0

Observe that for X := A2,

I\ = /01 2% log' () f(z)G(Nz) da.

Thus, theorem 10 applies and by keeping the definition >°7_; := 0 if p < 0, one
obtains

1
HO = % [ [ 0o logle) o) og” (N s e

m,Re(A)<r

[ar—Re(a)]—1

o Saeut P [T e a

l
=0 k=0

M(n) m
a "Gnm 1+m+l—k y/ I—(a+i+1) k oy I—ar
+ E E T ;; log )\})\ log” N + o(\7%7)

{n;aA,=14a+i} m=0
(3.14)
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Asymptotic expansion of multidimensional integrals 1211

Assumptions ¢ = max([ar — Re(«)],0) and f € H9(]0,1[) combined with expan-
sion (3.12) show that for Re(A,) < r, each integral

o 200 log! (2) (&) log™ (V) da

admits a sense. Moreover, for any real 0 < R < oo,

R R*
/ v+ log! F (v)G(v) dv = aF ! / w01 06l F (1) g(u) du
0 0

exists (because g € C.(]0,+00[)) and for Re(a) + ¢ < ar — 1, the function
peti=as Jog!™F (1) G (v*) is measurable on a neighbourhood of infinity (thanks to
s > r and G2 (v*) bounded for v large enough). This justifies the existence of

fp/ v+ log F (v)G(v) dv = ak_l_lfp/ wleFFD/ =166l =k (1) g(u) du
0 0

(see lemma 6) and also explains that in applying theorem 10 the third term on the
right-hand side of (3.9) reduces to zero. To conclude, the following equality is used

CF-1DF  (=1)!m!
e l+l+m—k  (m+ 1+ 1)

l

S = , for (m,l) € N?, (3.15)

Introduction of function

l
ml(«r :chk( 1 km1+l+m k(l-l—l—l—m k))
k=0

such that le(O) = 0,8 = Fu(l) and F' (z) = 2™(z — 1)}, indeed leads to
St = fo (x —1)tdz. ]

When dealing with multidimensional integrals in the finite part sense of Hadamard
it is not always legitimate to apply without correction the usual Fubini’s theorem.
Proposition 7 exhibits a case where Fubini’s theorem applies. The subsequent very
important lemma treats the case of a pecular two-dimensional integral and provides
the extra term. For r > 0, and in order to deal with this lemma, the space £,.(]0, +00[)
is defined by

L.(]0, +0o0]) := {g;V’y with Re(y) = —1,Vq € N,Vn > 0 then

1
g(@)a log?z € L ([0, +00[, C), X" / 57 log? (4)g(Xy) dy

m,M(n)
is bounded as X — 0" and lim g(u) = Z Gnmu~ " log™ u}
U——~+00
n,Re(An)<r

Observe that B,(]0, +o00[) C £, (]0, +00[) C C,(]0, 4+00[).

Lemma 12. Consider reals a = 0, b = 0, complex numbers « and 3 with Re(a) >
—1, Re(B) > —1, positive integers j and q and a function g € L,(]0,+00[), where
r > max([Re(a) + 1]/b, [Re(B) + 1]/a). If we set

Dilg] := fp/o1 % log? () [fp /Ooo u” log? (u)g(uz®) du] dz, (3.16)

Phil. Trans. R. Soc. Lond. A (1996)


http://rsta.royalsocietypublishing.org/

A

/

A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS

4

TaNsactions | HE ROVAL

SOCIETY

OF

4

OF

Downloaded from rsta.royalsocietypublishing.org

1212 A. Sellier
D'llg = fp/ooo u? logqu[/o1 % log? (x)g(u“azb)dx] du, (3.17)
then AY[g] := Df[g] — D'j[g] = 0; except if a(aw + 1) = b(8 + 1). In this latter case
Allg] = Gf—;%—ﬁ (%)N [fp /0 T log?™ " (u)g(u®) dU]- (3.18)

Proof. Consider z €]0,1[ and X\ = z%¢ = 0. Some algebra for the new function
G(X) := g(X?) and the complex

e:= fp/ uP log?(u)g(u®z?) du
0

yields

e = g~ (®/0B+D) Z cy log? (/%) [fp /OO()\u)ﬁ log? P(Au)G(Au)d(Au)|.  (3.19)
0

p=0

The assumptions Re(8) > —1, g € £,(]0,+o0[) with > [Re(5) + 1]/a ensure that
for any real 0 < R < +00,

a

R
/ t" log? P (t)G(t) dt = a?~ 7" / w((FFD/ D=1 6697P () g (u) du
0 0
exists and that there exists a real s > r (i.e. such that Re(3) — as < —1) with
Gt = > gama™t? " log™(t) + 177G (1Y) (3.20)

m,Re(A)<r
in a neighbourhood of infinity in which one G%° is bounded. Consequently, the com-
plex o0
fp / t? log? P ()G (t) dt
0

admits a sense and application of the change of variable ¢ = Au to equality (3.19)
(see lemma 6 for the corrective terms) leads to

q P 1
b —(b/a .
D;?[g] = E Ccy <—_> fp/ o= (b/a)(B+1) log’ ™ (z)
p:O a 0
M(n)

X[fp /O Plog (Mgt de+ Yy Y ¢

{n;aAn,=pB+1} m=0

m q—p+m+1(xb/a)

dz.

Gnm l0g
g—p+m+1

(3.21)

Use of the change of variable z := u®z® for the integral d := fol z*log? (z)g(ux®) dz

yields .
1 a\! o0
Mg = = [ B—(a/b)(a+1) g+l
Dilgl =326 (-3) fp/o u log"*!(u)

R

l

— ©
ﬁ

y A D/O=1 16001 (,1/5Y5(2) 42| du. (3.22)

Step 1. Suppose that a(a+1) = b(8+1). Because fp fol ' log'(x) dz = 0 fori € N,

Phil. Trans. R. Soc. Lond. A (1996)
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Asymptotic expansion of multidimensional integrals 1213

(3.21) gives Dj[g] = 0. Taking into account this assumption a(a +1) = b(3+ 1) and
proposition 4, an integration by parts of equality (3.26) (always valid when dealing
with integration in the finite part sense of Hadamard) leads to

Dt(g) = folri - (2] [Z S [ [ w0 oty
(3.23)

a 1 Zj l a lloquH(u) “ ((a+1)/b)=1 1. =L/ 1
= — . _—— e B A e - /b
(v) b ¢ ( b) g+1+1 /o : log" (= ")glz) d

iZL(—nicior j—n 1
ii=l (@Y B+17,,a+i+1—n a g™ a,.b
— g I (- u’ T log (u)[/:c log"(z)g(u®x d(L‘]-
g+1+1 (b) 0 (@)gluz")
(3.24)
Note that

1 1
/ 2% log" (z)g(uz®) dz = b=+ / (et 1/0=1166™ (1) g(u’t) dt
0 0

with Re[(a + 1)/a — 1] > —1. Moreover, Re(8) + 1 > 0 and g € £,(]0, +00[) ensure
that F(0) = 0. Because a(a+1) = b(8+1), g € L,(]0, +oo|) with r > [Re(8)+1]/a =
[Re(a) + 1]/b. Thus, application of theorem 11 with f := 1 ensures, as u — 00,
an asymptotic expansion of each integral fol % log" (x)g(u®z®) dz with a remainder
o(u™%), where s = ar > Re() + 1 > 0. Consequently, as u — +00, F(u) rewrites

Flu)=Y

=0 n=0

with Re(y,) < 0and ¢+ 4+ 1+ j —n > 1. Due to these remarks, fp[F(e~!)] = 0.
Finally,

G-l

SO E w e log I () 4 o(1), (3.25)
p U

i(lé(—l)l/[q+ [+1] = (-1) in(—l)k/[l +q+7j— kK
=0 k=0

= (=1)784; = jlg!/(g +j +1)!
(see (3.15)) and equality (3.23) provides the announced result.

Step 2. Suppose now that a(a + 1) # b(8 + 1). First we set j = 0. Equality (3.21)
and proposition 4 yield

q _ : b ? Cé)p! = q—p a
Pilal = ZH e maEE T P, e s a

q M(n) g+m+1
+;cg(—1)P > Z(S—)

{n; aA,=p+1} m=0

(@=p+m+1)fa+1—(b/a)(B+1)]etm+2
Phil. Trans. R. Soc. Lond. A (1996)
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1214 A. Sellier
Use of the relation

oop(-lp (~1)%g!m!
D Traim g =5 rm a1

mq —

— [1+q+m—p] B

iS]

allows us to cast the second contribution of D§[g] in the form

M(n) g+m+1 m m+1
b a™ gpm(—1 q!m!
G- Y Z( ) [ Grm (1) (3.27)

i sy 2 \a a+1— (b/a)(B + 1)jatm+2

An integration by parts of equality (3.26) with j = 0 gives

g G [T~ a(=D)"ul log™ (u) “ o
D= =57 [ | 3 ot e £ ) 4 e
(3.28)

with

& gD g™ (u) R
V= Y - i e |, o) a9

Here, ¥(0) = 0 (see treatment of F(0)). If u* — +oo, theorem 11 associated with
the assumption g € £,.(]0, +o00]) with » > max([Re(a) + 1]/b, [Re(8) + 1]/a) provides
the asymptotic expansion of

1
/ %g(uz®) dz.
0

Such an expansion involves the terms [u®]~(1/0)(at1) — o= (a/b)(a+1) " a550ciated to the
first and third sums of the expansion (3.10), but also (see the second contribution
on the right-hand side of (3.10)) the terms

m 1
Z nm Z Cﬁlbm_kak[fp/o 2o og™ " * (2) daju~ " logF u

m,Re(A)<r k=0

and the remainder is o(u™%) with s > Re(8) + 1. Thus, fp[¥(e7!)] is zero except if
there exists n such that —ad,, + 3+ 1 = 0 and in such a case the contribution is
obtained by setting £k = 0 (and m’ = 0 in relation (3.29)). Hence,

M(n) 1
.fp[ g}(u)]go = Z Z gnmbm[fp/o g bAH)/a logm(x) dx]

{njadn=f+1} m=0

Taking into account that o — b(8 + 1)/a # —1,
1
fp/ g B0/ a10em(2) dz = (—1)™m! /[ + 1 — b(B + 1) /a] ™t
0

M(n)

w0 _ b\ b (=) gt
PSP <5> o+ 1-b(B + Dfaermz ~ O 330

To conclude, if we set p = g—m/, the first term on the right-hand side of (3.28) equals

Phil. Trans. R. Soc. Lond. A (1996)
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Asymptotic expansion of multidimensional integrals 1215

the first term on the right-hand side of (3.26). The case j # 0 is obtained by induction
and by using the following property: if g € £,(]0, +00[) then the function h, defined
by hy(z) := g(z)log(z) belongs to L,(]0,+oc[). Suppose that a(a + 1) # b(8 + 1)
and that for any positive integer ¢, and any function g € £,.(]0, +00[) : Dj[g] = D'§[g].
This is true for j = 0. Relation

log’ ™! () = log’ () log(u"z") — alog(u)]/b

gives
a 1 1 ) o]
D2,ulg) =~ 427+ 1 [ o080 [ gty uta?) du
a 1 [e’s} 1 )
D’gﬂ[ | = —ED’;I»H[Q] + Efp/o uP log?(u) [/0 2% log’ (z)hy(uy®) d:c] du.
The assumption Dj[g] = D'%[g], Vg € N and the property h, € L,(]0, +o0[) show
that D7, ,[g] = DI 4 [g]- [ ]

4. The multidimensional case

By now if n > 1 and 1 < k < n, we set 8} = 6y, where 6, is the operator introduced

in the previous section,
n n
[I4=114
J Jj=1

and also

H Ay II Aj,
J31,e00tk Je{l,..n\{1,..s0k }
where each ; belongs to {1,...,n}. This product is set equal to one if £ = n and
{ir, ... ix} ={1,...,n}. Moreover the notation Y37 . F(i1,...,ix) means a sum
over all the subsets {21, ooy g} of {1 .,n} such that the 1ntegers i; are all different.
Ifk=1,

Z F(i1) reduces to E F(7)
i i=1

Given a complex family (c;)ie(1,... n}, @ real family (a;)ieq1,... ny and (n1,...,ng) € N¥
with 1 < k < n, the real A(ny,...,nx) equals one if k = 1 or if a;(a; + ny; +1) =
a;(; +ni + 1), V(i,5) € {1,...,k}? else A(ni,...,n;) := 0. For a complex v, the
real A7(ny,...,ny) is zero except if a;y = o; +n; +1, Vi € {1,...,k} and in such
circumstances AY(ny,...,nx) := 1. Finally, if p and ¢ are integers with p > 0 then

Zq: Fi =0
i=p

Pigseees Piy Piq Piy,
E F(il,...,ik)ZZ E E Fll,...
’il ..... ik i1"0 Zk—‘o

Phil. Trans. R. Soc. Lond. A (1996)
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1216 A. Sellier

Theorem 13. Consider n > 1, a real 7 > 0 and families («;), (a;), (1), (@),
(pi) such that for any ¢ € {1,...,n} : a; € C with Re(a;) > —1, a; € R, l; € N,
¢; = max([a;r — Re(ay)],0) and p; = [a;r — Re(e;)] — 1. If f € Dla92)(]0,1[")
and g € B,(]0,+0c0]), the integral I]()\) admits, as A tends to infinity, the following
expansion:

1 1
HOy = [ oo [Caamiogh (m) - log (an)
0 0
X f@y, .. xn)g(Axf -2t ) dey - - - day,

:i@i i pIZPkM I
k=1 k! nil!..

(7%

| .
Ulyennslh Mg geeny iy <M @iy,
LML, - D (a5 /a5, o, iy +1)
x i1 ik fp 2% aj/aiy ) (o +nqy
ST U | SEL A
j=1"% M H S PO 78

% log“ (Ij)f;?ll;;k (§Z o 5;‘;3;) I:fp/ (@i i +1)/(ai ) =1
0

x[log (z\"lu H x; Y

Ji%1ee0ytk

M(e) 1 1
+ Z Z gem(—l)m{fp/ xtln—m/le logll (33'1) I:fp/ xg2“a2Ae loglz (332) .
0 0

Re(Ae)<r m=0

1
X [fp/ gn—ande logl"(xn)f(xl,...,xn)
0

j=1 :| :|
n pil >~~vpik

oy S S S ) (LY (LY

T .
Re(/,)<r k=1 iy iy gy, Vi T iy

(320 1 +k-1)
)

g(u) du] dmj }/\—(O‘il +niy +1)/asy

M (e)

-1 mgemm!lh!"'li ! - ' aj—ajAe .
Ftmti i g i
0

k
m=0 (Zj:l li; +m+k)! G501 reeerin

X failla (8167 x){log ()\‘1 1T dxj})\_A“
Jiitseenik

+o(A77), (4.1)

where it is understood that fy, .4 * (x) := &t f/0x - 8z, * (z) and that
there exist a real s = r and a function G3° bounded in a neighbourhood of infinity
in which

. (ZLI i +m+k)
)

E M(e)
g(u) = Z Gemu ™ log™ u + u " G (u), (4.2)
e=0 m=0
Phil. Trans. R. Soc. Lond. A (1996)
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Asymptotic expansion of multidimensional integrals 1217

with, since g is bounded on R, 0 < Re(A.) <7 < s (Re(4y) > 0 if M(0) = 0).

This theorem requires some remarks.

(i) The assumptions Re(a;) > —1, f and g bounded respectively on [0, 1]™ and on
R, ensure the existence of I7(\) for A > 0.

(i) Because f € D4)(]0,1["), g € B,(]0, +oo]) and

s (30 T =%)]"

Jiit e
m 1 n

= ZZC&C{’ log™ (A7) log! ™ (u?) log? [ H x;aj],
=0 (1=0 j;i1,.“,ik

each integral occurring on the right-hand side of (4.1) not only admits a sense but
also (see proposition 7) satisfies Fubini’s theorem and it is also understood that

H _fp/ g(z;)HIE - F( lﬁnmg) dz; = F(OH|(0,...,0)]. (4.3)

(111) The proposed result is expressed with specific notations such as the sums

>
11,0k

Piy resPi
Mg ey iy Re(Ae)<r
the product []; , and the reals A(n,,,...,n;,) or A% (n;,,...,n;,) which have

been clearly defined. In applying this theorem, each of these notatlons must be
carefully respected. For instance, formula (4.1) for n = 1 gives theorem 11 for g €
B,.(]0,4+00[) C C-(]0, +00]).

(iv) If the space D@ -)(]0,1[") is endowed with the classical norm || - ||,
such that for f € D@9 (]0,1[*) @ ||f]ln = sup{|@=t+in f/Ox}t - - Ozin(z)],
z € [0, 1]" Vj € {1,...,n} : 0 < i; < g;}, the dual space of generalized func-
tions D/ (7n) (]0,1[™) is the set of linear and continuous (in the sense of the usual
topology induced by this norm | - ||,,) functionals 7' on D(%++-4%)(]0, 1[") and the du-
ality bracket (T, f) indicates the image of function f by distribution 7T". According to
these definitions, I7 (\) rewrites I (\) = (T9()), f) with T9(\) € D% (J0, 1[").
This asymptotic expansion of (T¢(\), f) may also be shared into two kind of contri-
butions: the terms related to the asymptotic behaviour of function g near infinity, i.e.
the terms involving the coefficients ge., (see (4.2)), and the others. More precisely,
inspection of equality (4.1) shows that IJ()\) rewrites

Irfz(/\) zn: Z Z Tz Mg f log ( ) (as+mi+1)/as

i=1 n;=0 j=0
J(e)

+ Y DG flog (WA +o(A7T) (4.4)

Re(Ae)<r j=0

w1th J —Z Li+n—1, J(e):=Y 1 l;+n+ M(e) and T"7 G belong to
p/ (@t (], 1[ ) with support in {z = (z1,...,x,) € [0,1]";[[}_, z; = 0} or in
[0,1]" (G¥ is concerned with the behaviour of g). This form (4.4) agrees with the

Phil. Trans. R. Soc. Lond. A (1996)
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1218 A. Sellier

results of Bruning (1984, theorem 1); here obtained by choosing g € S(R), i.e. by
setting gem = 0 in formula (4.1).

For three real families (¢;)ic(1,....n}, (bi)icfa,..., ny and (a;)ieq1,...ny such that —oo <
¢; <0 < b; < +oo and a; > 0, one may be eager to find the asymptotic expansion of
the integral

by bn
HO) = [ [ bl g - log ()

Xy Yn) gy |-+ Iynla") dyy -+ - dy,, (4.5)

if f € D@2 (Jeg,by[x - x]cn, by]) and g € B,(]0, +00[). Such a question reduces
to an application of theorem 13. For 1 <4, j < n and (s,t) € {—,+}?, observe that
A7 AL = AL A? if the operators Af and A; are defined by

AF 1y, oyn) = Flyns o oun)y AT[fl e,y yn) =0, ify; >0, (4.6)
AW sun) = frs o un), A fl(yis e oyn) =0, ify; < 0. (4.7)
This remark indeed allows us not only to write (see formula (2.28)) for n > 2

f= [i]i[lA?}[fH [f[A;}[f]

1 ) )
] Z ZCﬁAo(l) A A Ae . (48)

0€S(1,...,n} P=1

but also to cast, after adequate and legitimate changes of scale, the integral J/(\)
into the form

TE) = I (Xo) + I (M) + ()™ Z Zcpff”
0€8(1,...,ny P=1
with the following relations:

e[ [

i=1

o o ({1 )
=1

i=p+1

o) = [ T | [ TToute0 + 1080 0o bi), a9

i=1

1=1
n n
falzy, .. x,) = [H o +1J [H log(;) + log |c;])" ] (11, ..., chmy), (4.10)
1=1 =1
P +1
aa K3
foplr,... [H bo(sy  (log $a<>)+10gba<>>”“’}
. [ TT lento | (log(ase) + log |cg<i>|>lv<~]
i=p+1
X f(bo(1)To(1)s- - s bo(p)To(p)s Copt1)Lo(pt1)s - - - Co(n)To(n))-
(4.11)
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Asymptotic expansion of multidimensional integrals 1219

Equalities (4.9)—(4.11) show that, after an expansion of the logarithmic contri-
butions, each function fy, f, or f,, is in fact a sum of terms h(zy,...,z,) =
IT, log® (z:)]w(zy, ..., x,) with e; € N and w € D) (]0,1[").

Before detailing the derivation of theorem 13 it is perhaps worth applying it to
a special case. Since McClure & Wong (1987) dealt with the circumstances n = 2,
(l1,12) = (0,0), (e, c2) € R%? and g € S(R), the case of n = 3 is proposed. Under
assumptions and definitions introduced by theorem 13, one obtains

M(e)
M) =G +EN+ Y > Aunllog(W)]A™ +o(A7),
Re(Ae)<r m=0
where asymptotic sequences G(\), E()) and also A.,,[log())] are defined later. As in

the general case of I),(\), the asymptotic expansion of IJ () indeed contains two kind
of terms: G(A) which is a sum of general terms in the sense it always arises and other
extra terms L{(/\) — G(A) which exist only when families (a;)ie(1,2,3}, (Q)ie(1,2,3)
and (Ae)re(a,)<r satisfy specific conditions. More precisely, one gets

P1

1
G =3 {fp / (e Jog" ()

7l1=0

f;lll (0» Z2,T3

1 o]
% [fp/ $(;3_(a3/a1)(a1+n1+1)10g13($3) )fp/ u((a1+n1+1)/a1)—lg(u)
0 0

nylal

x log" (A~ uzy a5 ) dudwg] dwg})\_(a‘+"‘+1)/al

P2 1 1
030 {n [ oo oo [ p [ e iogh
0 0

22 (21,0,23) ® laatn ao)e
x= | 12+1—fp/ ylleatnat/a)=1g(y)
n2.a2 0

x log" (A" tuzy a5 *) du de dx }A—<a2+"2+1>/a2

p3 1 1
+ Z {fp/ :E(;l—(‘ll/as)(aa-i-na-i-l) logll (xl) |:fp/0 mgz—(az/aa)(as-i-ns'i'l) loglz (xg)
0

ng:—‘O

"8 (11, xa,0 o
X wsn( ,;ls—fl_> fp/ ylleatnst/as)=1g(y)
3:U3 0

X logl3 A tuzy My *) du d:vg} dz; })\_m“’"a“)/‘“
M(e)

1 1
+ Z Z gem(—l)m{fp/o x?l_al‘/‘e logll(xl) [fp/o xr;z—az/le logh(l‘g)

Re(Ae)<r m=0
1
x [fp [ gt 08w a2, )
0

x log™ (A" tay oy 2y ®) dx3] dxg] dz; }/\_Ae,

Phil. Trans. R. Soc. Lond. A (1996)
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1220 A. Sellier

whereas sum F()) is non-zero if there exists (ni,ng, n3) with 0 < n; < p;, i € {1,2,3}
and

A(ny,ng) + A(ng, ng) + A(ng, ng) > 1
and obeys

P1 P2
B A(nl,ng)ll!lgl
E(/\) - Z Z {(ll + 1y + 1)!a111+1al22+1

n1=0 n2=0

e (0» 07 fII3)

1
—(az/a1)(a1+n1+1) I3 T1x2

xfp / 5 log™ (x5
0 s (zs5) 11 !no!

o0
<o [Tty
0

x [log()\_l’ILCEg_as)](ll+lz+l) du} de})\—(a1+n1+1)/a1

_ le f: { A(’I’Ll,ng)ll!lgl
(ll + 13 + 1)!al11+1af33+1

ni =0 n3:0

(0,(1:2, 0)

' —(az/a1)( 1) l £y
az—(az/ar)(or+n1+

Xfp/ e 2/a1)(a1+ny log2(x ) T1T3 s

0 niing:

o
<[ [ ey
0

X [log(/\_lux2_“2)](l‘+l3+l) du:l dzs })\—(a1+n1+1)/a1

_ f: f: { A(ng,ng)lgllg!
(I + I3 + 1)lal el ™

ng=0mn3=0

nans (20, 0)

1
xfp [ e/ jogh g Tz T
0 nolng!

o0
<[ [t g
0

x[log()\—luxl—al)](lz+la+l) duJ dxl})\—(ag+n3+l)/a3

p1 p2 p3

A(’I’Ll,’l’LQ,ng)llllg!l;;! ;311%2?1‘23(0)0)0)
I i

(I + 1o + 13+ 2)lab T al ol n, IngIng!

n1=0n2=0n3=0
)
x |:fp/ u((a1+n1+1)/a1)—lg(u)[log(/\—lu)](l1+12+ls+2) du /\—(a1+n1+l)/a1’
0

and finally each remaining term A, [log(\)] takes into account the behaviour of
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Asymptotic expansion of multidimensional integrals 1221

function g at infinity and is defined as

P1 A m 1

A%e(ny)(=1)™gemmlly! e —as

Aemllog] = = 3 l (+;n(+ 1))lal1+1n '1 [fp/o gt log ()
1 e 1+

n1=0

1
| [ e gt ) 22 (02,2 o3 g g ) ]
0

p2 A m 1
Al (n)(—=1)" gemmlls! o —a
_ § : ( 2)( ) g '2 |:fp/ :1:11 146 lOgll(wl)
! 0

= (la+m+ 1)!a122+1n2

1
x [fp [ g 10g e 22 01,0, log(A e ) dxa] dxl]
0

p3 1
AAE (n3)(_1)mgemm'13! |: / A l
- TN e Jog't (2

rg:o (Is + m + 1)la5 ' ng! Tp o g*(@)

[fp/ (Xz agAe loglz (:Eg)f;; (1'1, Za, 0)[log()\_1x1_“‘x2_‘“ )](la+m+1) dx2] dle

e Ae(ng, n2)(—1)"gemmlly o)
+2 2

11 + 1y +m + 2)lah a2t n, Iny!

ny= 0’!7,2 O

g [fp / 15270 log' (25) f1222(0, 0, 25) log (A~ g o)) (s Ha+m42) d‘“‘J

b3

p1
nl»nB)( 1)m9emm'l1'l3!
Iy

(I +l3 +m + 2)lal ekt n, Ing!

n1=0mn3=0

<|1p / 577 g ) 22 0,22, 0) g A 144+ |

P2 p3

Ae (g, n3) (= 1) gemm!lz 3!
I

12 + I3 +m+ 2)'alz+1aff+1n2!n3!

nz'—O ng= =0

x [fp / 2§ ogh (20) £ (11,0, 0) log (A~ o) e et ) dxl]
_ pzl pZ? ZB m,nz,ns)( 1)mgemm'l1'lz'ls
00 ng=0 ( ll+l2+ls+m+3)'al1+l 2Haln IngIng!

% nlnzna(O’O’O [log()\_ )](l1+l2+l3+m+3).

T1T2X3

Example. Assume that [ € N, @ € C'\ N with Re(a) > —1 and also that r >
max[Re(a)+1, 1]. Under these assumptions, previous results authorize us to give the
next asymptotic expansion

Ir-1]
/ / / log 1 )u(ra)v (3)dx1dx2dx3—G3( )+E3()‘)+Z Acflog(M)]+0(A77),

“(1+ /\xlxzaz3) ot

as soon as u € D%(]0,1[), v € D#(]0,1[) if g2 = [2r] and g3 = [3r]. By introducing

Phil. Trans. R. Soc. Lond. A (1996)


http://rsta.royalsocietypublishing.org/

THE ROYAL
SOCIETY A

PHILOSOPHICAL
TRANSACTIONS
OF

A

A

/
/

Vi

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

1222 A. Sellier
for € C, k € Nand s € DI(]0, 1]) for ¢ = max([— Re(8)], 0) the following notations

oo uﬁ_l o k
Tx[0,s] :== _fp/ P logh(z)s(z) dz, Gi(B) := fp/o log(v) du, (4.12)

1
0 1+u
and also function § such that 6(a,b) := 0 for complex values a and b except if a = b
then é(a,a) := 1, one indeed obtains

! k m
Gs(N) =>_ > Y crepom(-1)tETmen3m T, [2(a + 1), 1)

k=0 m=0n=0
XTrn—n[=3(a 4+ 1), v)Gr_m(a) log' F(A)A~(@+D)

30 O+ 1), 0T 0 + 1), 01Go [+ DA

na=0 2’[’1,2'
o~ v(")(0) 1 . 2 1 —(n3+1/3)
+y —5 1 Tila = §(ns + 1), id]To[~ 3 (ns + 1), ulGo[5 (ns + 1)]1A
na—0 ng!
[r—1]

+ ) (-1)°Tifo — (e + 1), id)To[~2(e + 1), u]To[~3(e + 1), v]A~(+D)

and also, since «a is not a positive integer,

2 & 8(2ng, 3ng + 1)u) (0)v9)(0)
)\ — b}
E3( ) 7;0 7;() 67’L2!’I’L3!
x{Ti[a — 5(n2 4 1),id]Go[5(n2 + 1)] — Tl — 3(n2 + 1),id)G1[3 (n2 + 1)]
+‘Tl+1[a — 3(n2 4+ 1),id]Go [ (n2 + DA~ (n2t1/2)]

p2

Acflog V)] = >

x{T)[a — (e 4_— 1),id|Ty[—3(e + 1),v]log A + Ti1[a — (e + 1),4d]To[—3(e + 1), ]
+3Tja — (e + 1),id]T1[-3(e + 1),v]}
N i 6(3e +2,m3)(—1)°

3713!

5 —1\e
(2€+ l’nQ)( 1) U(n2)
2?12!

(0)

v (0){Ti[e — (e + 1), id]To[—2(e + 1), u] log A
n3=0

+Ti1a — (e +1),id]To[—2(e + 1), u] + 2Ti [ — (e + 1), id] Ty [—2(e + 1), u]}
+ f: i At (ng, ng)u™) (0)v(™) (0)

12712!713!

{T)Joe — (e + 1), 4d] log® A

no=0mn3=0
+2T )11 [ — (e + 1),4d] log A + Tiyafa — (e + 1), id]},

where ¢d denotes the characteristic function on ]0, 1.
Theorem 13 is established by induction on n. In fact we prove by induction a
proposition which states a larger result.

Proposition 14. For n > 1, real r > 0 and families (a;), (a;), (I;), (q:), (p:)
such that for any i € {1,...,n} : a; € C with Re(ow) > -1, a; € R%, [; € N,
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Asymptotic expansion of multidimensional integrals 1223

¢; = max([a;r — Re(a;)],0) and p; = [a;r — Re(a;)] — 1; if f € D(@9)(]0,1[*) and
g € B,(]0,+0o0]), then we have the following.

Induction assumptz’on 1. As A tends to infinity, expansion (4.1) holds. We note
LN = (TEN), ) = Ty reto<r Liaa (Dl HIA log! (A) + o(A™").

Induction assumption 2. Forb > 0, h € N,  complex such that br > Re(8)+1 >0
and v:= (8+1)/b,

(Kn, f) = fp/ v? log" (v [/ / Lozt logh () .. loght (@)

Xf(xy,. .., zn)g(0z - ")dw1~-'dxn] dv

ZG;)"“ g [ e gt o) - oo [ wzemiog e

X{fp/ uY " log" (uay® - - 27" )g(u) dU}f(:vuu-,:cn)dxn] co-day
0

n k n PipseoPig lig +1 Ly, +1
g >y e () ()
h+1 ! | | . .
b k=1 k T1yeney Tl Mg 5eees My nll tet n"'k : A4y a/'Lk

li1!'*'li ' - ! a;—a; Miq Ny n n
k 5 { H fp/ w] ! ]7 log (:Ej)f 111 zz: ((S e 6ikx)

1)™*tm! ' Ae gl
Z Z m+h+1 {fp/O T log (xl)['”

WS D o v R
SIS S Wi o)

{e;Ae="} t1,eensle Mg yeess

li; +1 liy +1
(Al ) (L) v (_1_ -
niI! © nz,c' A,y gy,

M (e)

1)m+t Ul 0, { n o ,
gemm i1 aj—a;Ae l
X fp/ 3 log” (z;)
= 1+h+2 i +m+k)! H' o’ ’

n 1+h+Z Lij+m+k)
X fout a6 - ﬁﬁcx)[log( 11 x““] dxj}, (4.13)
Jit1,. ik
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1224 A. Sellier

where the involved sums or products are defined at the beginning of this section (see
theorem 13).

Formula (4.13) gives the corrective terms arising when attempting to apply suc-
cessively Fubini’s theorem and change of variable u := v®z{*... 2% to the initial
mtegral (Kn, f). It is in fact an extension of lemma 12. If n = 1, remember that

»~1:=0 and the result writes for Re(a) > —1,1 € N, a >0 and v = (8 +1)/b

iy = [0t [ g 0100 at] o
- (%)w o 1 logh (1) £ (1) [fp 7w gt gy au a

{t;01+i+1=a~}

M(e)

§ gem m+1m' a—a m —
bh+1 Z (m+h+1)! “mrhs 7P / oot log (t) log +h+1(t ) f(t)dt.
{e;Ae=7} m=0

(4.14)

By now, real r > 0 and function g are given with g € B,.(]0,4+00[). This formula
(4.14) is proved in §6. Because theorem 11 ensures induction assuption 1, proposi-
tion 14 is true for n = 1.

Assume that it remains true for n > 1 and consider @ € C with Re(a) > —1,a > 0,
leN, qg:= max([[ar Re(a)],0), p := [ar —Re(a)] — 1 and f € D@van9(]0, 1[*+1).
With notation x := :1:1, .. a:n) we consider the two quantities

I / / e alrt®logh (1) - - log' (z,) log' (t) f (2, 1)

xg(Azit - zont®) day - - - day, dt, (4.15)

o) = 10 [ 1080 [ [ 110008 a5 08 01) o )
0

x f(z,t)g(vbtxst - 22 ) day - - - day, dt] dv, (4.16)

where ( is complex and such that br > Re(8) + 1 > 0. Section 5 is devoted to the
study of I, () and §6 will deal with (K, 1, f).

5. Treatment of quantity I’ +1(N)

Introduction of real X’ := A/ and of pseudo-function K (t,u) defined by

g% ol
talog / / z" log™ (z1)

x logh" (@) f (2, t)g(uas® - - - 2% ) day - - - day, (5.1)
Phil. Trans. R. Soc. Lond. A (1996)
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Asymptotic expansion of multidimensional integrals 1225

leads (after a legitimate application of Fubini’s theorem to I +1()\)) to the useful
form

I / K(t, Nt dt. (5.2)

The expansion with respect to the large parameter A\’ of this latter quantity consists
of several steps and makes use of theorem 9.

Step 1. At this first stage it is shown that the pseudo-function K(t,u) defined by
(5.1) belongs to the set F2_,(]0,1[, C). Clearly, K (t,u) € P(]0, 1[,C). Each property
of definition 5 is now investigated and we set ry := ar — 1, ro := ar. For t €]0,1],
equality (5.1) rewrites

K (t,u) = t*log ($) Iy (u?) := ¢ log' (£)(< T (u®), he), (5.3)

where hi(z1,...,2,) := f(21,...,Zn,t). Since a > 0, u® — +oo when u — +00 and
for given ¢ €]0, 1] induction assumption 1 (for n) provides (see (4.4)) the following
expansion:

n  Ppi J
=D UTE % og! (£) £ (., t)) log? (u) [ue] ~(@strit /s

i=1 n;=0 j=0

+ > Z (G 12 log ) f(. 1)) log? (u®)[u®] = + o(u™"). (5.4)
Re(A.)<r 5=0
Expansion (5.4) shows that K (¢,u) obeys equality (3.1). Moreover, with these nota-
tions the integral F' = fnl t=°2@G,, (t, \'t) dt reduces to

J(e)

F = / { ENE) = D0 > (Gt log! (8) (., £)) log? [(N't)*][N't] ~*Ae

Re(Ae)<r j=0

3 ST S g ()£ ) o (X)) [A'trm*m“’/af} dt. (5.5)
=1 n;=0 =0
Since n > 0, such an integral exists and is bounded. Consequently, inequality (3.2) is

satisfied. If D € D’ 4-90)(]0, 1), definitions of integer p := [ar — Re(a)] — 1 and
of the sum Y?_ F(i) yield

(D, t*log' (t) f(., Z dN't N logh(t) 4 51 Lp (t), (5.6)

N=0
with 1 > ar — 1 and Lp bounded in a neighbourhood on the right of zero. More
precisely, if p < 0, >_%,_, := 0 and since the assumption [ar — Re(a)] < 0 ensures
Re(a) > ar—1, we choose s; := 1[ar — 14+ Re(a)]; Lp(t) = (D, t*=t log(t) f(., t)). If
p>20,q=[ar —Re(a)] =p+ 121 and use of formula (2.17) for f(.,t) € D(]0, 1)
gives
a"' = (D, f¥ (., 1))/N!,
ot Jog!

o) = S0 [, e o 5.7

Phil. Trans. R. Soc. Lond. A (1996)
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1226 A. Sellier

and since [ar — Re(a)] > ar — Re(a) — 1, choice of s; := ;[Re(a) + [ar — Re(a)] +
ar — 1] is possible. By applying (5.6) to each contribution on the right-hand side of
expansion (5.4), one checks equality (3.3).

For given u > 0 and thanks to (5.3), K(t,u) = (T9(u®),t*log!(t
T9(u®) € D' (]0, 1["). This remark gives the behaviour of K (
Using (5.6), one obtains

)f(.,t)), where
t,u) as t — 0.

p
K(t,u) =Y AN (u)t* N log!(t) + t H,, (t,u), s1>ar—1 (5.8)
N=0
with: if p < 0, 3% _, := 0 and t* H,, (t,u) := K(t,u) (s1 := 3[ar — 1 + Re(a)]) and

if p > 0 the result, obtalned by (T4 (u), f(.,t)) with respect to t, is

) = g [ o o)

x log" (2,) £ (&, 0)g (w3 - - ar) day - - d,

tH, (t,u) = ta+p+110g( / (1 —-v)? [/ /

x log" () - -- logl"(xn) P (2, vt)g(ulad - z0) day - -odxn} dv. (5.9)

Thus, K (t,u) obeys relation (3.4). The reader may easily check with the definition
of t°* H,, (t,u) that inequality (3.5) is true. Finally, induction assumption 1 allows us
to expand each function hNY(u) as u — +o0o and thereby provides equality (3.6).

Hence, K (t,u) € F&_,(]0,1[,C) and theorem 9 applies to (5.2) with respect to the
parameter \' := A% and up to order o(N~%") = o(A~"). As hV!(u) remains bounded
when u tends to zero and for this theorem ay := a+ N (Re(an) = Re(a) > —1), the
third term on the right-hand side of (3.8) (the one which involves specific coefficients
H]V! associated to the behaviour of function ™! near zero) is zero. Hence,

1
L0 = / K(t, Xt)dt = Cy(A) + Ca(A) + Cs(A) + o(A™"),
0
where Cy()\), Ca(\) and C3()) designate the remaining contributions occurring in
expansion (3.8)).

Step 2: treatment of contribution Cy(A) = Cy(N). This term is the first sum
arising on the right-hand side of (3.8). With the notation of theorem 9 (i.e. if
K (t,u) = 3, Re(y)<ar Knm (t)u™ " log™ (u) + u™*2G,, (t,u) as u — +o0), this term
writes

aW)y= > Zol [fp/ Ko ()7 log™ 4 (¢ )dt]X T log! N

m,Re(y)<ar [=0
1
~ fp / [ ST RKam®)(NE) logm()\’t)] dt. (5.10)
O LmRe(v)<ar
Observe that (5.10) is obtained by replacing K (t,u) by its expansion in which u :=

Phil. Trans. R. Soc. Lond. A (1996)
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Asymptotic expansion of multidimensional integrals 1227

MN't. By using expansions (5.4), (4.1) and the link X’ := A\'/@, this remark immediately
leads to
J(e) ' ‘
= > S [ [ et st oo g (04 4

Re(A. )<r] =0

+; Z Z [fp /O £ log! () (T™07 | f(.,£))(N't)~(@/@)(eitnit D) 1603 [(X1)9] dt]

Diys--sPi
— (DR 12 " A, n6)

k! ng, !l !
1 Tlyeenyb Mg yeey My e t

( 1 )“1“ ( 1 )lik“ L0,
X — e —
Ay (278 (Ek_ lij +k— 1)'

xfp/ to=(a/an) @ +ni +1) gl (1 { H fp/ x;?j—(aj/ail)(aiﬁniﬁl)
0

3150tk

k

X log! (a,) 22 230 (87, -+ 6,0) [fp JAE
0

Joe (e 1 )] = ] s

J3815 0050k
x /\—(ail +ni, +1)/ai,
M(e)

T N S R P10 R i [ e

Re(Ac)<r m=0

1 n
X [fp/ z8n—anfe Jogh (z,) f(2) log™ ()\'lt'“ ij-_aj) dxn] ~~dx1] dt}/\_"e
0 j=1
n n Piy e Jhk

“" ) (1 Ly +1 1\ bt
IP VDI S VD D i € I €

NG, .
Re(Ae)<r k=1 T1yeenylh Mg ey My k

M (e)

(=1)"Germmlly,! -+ 1;,! b ooy
X Z E fp | t

m=0 lij +m + k)'

x log(t { H fp/ x?j_“jA"loglf(xj)

J5t1ye ik

n = +mtk)
% ;t: ;‘;: (5n ‘..5&.7:/) [log ()\—1t—a H xj—cw)jl

J3t1se ik

dxj} dtA=Ae,

(5.11)
where it is recalled that 2’ := (z1,...,%n,t) = (x,1).
Step 3: treatment of contribution Co(A\) = Co(X'). This contribution is the second
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1228 A. Sellier

sum on the right-hand side of (3.8). With our notations, this term is (since Re(a) +
N <ar—1for N <p)

p 1 00
Co(N) = Z ZC’;(—I)j [fp/ th('u)v"‘J"Nlogl_j(v)d'u] N7 EFENFD 1607 (),
N=03j=0 0
(5.12)
If p <0, C2(\) = 0. Else, definitions of A" and of function h™V! yield
p l ) ) A~ (a+N+1)/a I '
G =3 Y a2 g [ v og )
N=0 j=0
1 1
x[/ / -2 logh (z) - -
0 0
x log" (z,) fN (x,0)g(v?z% - - 2%) dzy - - -dmn] dv}. (5.13)

Induction assumption 2 allows us to cast C2(\) in another form by using for positive
integer L the relation

L llog? (A7) log+-1(B o O lon?(B) log b=t (-1
Zj!(L—i—l—j)! 08 ( )—(L—WS:ZL 1+ 1og®(B) log (A™H. (5.14)

7=0

More precisely,

4 1 1l+1 1 B . 1 .
C:(N) = Zm(a) {fp /0 e log1<x1>~-[fp /0 zan T log™” (2)

N=0
X [fp/ wNHogt A ruzT® . oz )g(u) du] N (x,0) dxn] dxl}
0 -
x/\—(a+N+1)/a
p n k n Pigseey Py
(—1) AW(ni PR 17 )
> 2. X N
! .
"o M ik ey g, ni, Nt

a;, gy, a (l + Z_I;zl l'ij + k)'

n 1
o —as L i omg, N
X{ | H fp‘/o xjj ajYN logf(xj) ;11“.:%)3 (63 .. 5:;5%')

Syl <l)l+l Mf Gom( 1) il
| |
NTO (eshomy N!'\a = (m+1+1)!

Phil. Trans. R. Soc. Lond. A (1996)


http://rsta.royalsocietypublishing.org/

/,//’ \\
o \
( 2\

J (

Py

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

N\\

A

a

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

Asymptotic expansion of multidimensional integrals 1229

pr 295754 Logh (2;) £ (2, 0)

AT

>< i Tog* (a7 o log (A0 b
s—m+1
X (a+N+1)/a
p n-—1 k n Pigseen Piy, Ui 41
-1) Ale(ng,, ... ng) 1\
2 2 2 2 W \an)
N=0 k=1 {e;Ae=yN} 11,y Tk Mg yeees Ny, 11 Tk i1

X

l)l+1 1\;{:(6) (— 1m+1gemm'l Lo !
a —— l+l+zj 1 li; +m+k)!

a_; ajlle n"l iy, N n n
H fp A logh (a;) far Lok (87, -+ 672 62)

] 91,000tk

X

1+l+2j=1 li;+m+k

X E C?®
LHAY b metk
k j=1 "
S=1+E j=1lij+m+k

n

% logs ( H xj—aj> [log(/\—l)](1+l+zj=1 li; +m+k—s)} dx]}

J3i15eensik

XA—(Q+N+1)/Q, (515)

with this time vy = yv(N) := (o + N + 1)/a and §(z1, ..., 2, t) := (21,...,2p,0).

Step 4: treatment of contribution C3(\) = C3(X'). This contribution is the last
term occurring on the right-hand side of (3.8). Thanks to the definition of AN, as
u — +00,

GEOERSY ZWW]-@ log? [u®] 4 o(u™°"). (5.16)

Re(6;)<r =0

This ensures

C3(XN) = Cr(-1)°
N=0 s=0 {i,ab;=1+a+N} j=0 N' 1 + l +J =)
x log I (V)N (et N+, (5.17)

With relation

l s(_1)s 141
(1+l+j—s) !
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1230 A. Sellier
C3(\) rewrites

p J("/) 1 . .. N
(=DM (DF,FN(,0)) - s s
C3(\) = Z Z / ' n log _H()\)/\ (atN+1)/a
1ql+1
N=0 {7'7@6@—1+01+N} 7=0 (1 +‘] +l) N'a +

(5.18)
In fact, for each value of integer i (see equality (5.16)), expansion (4.1) shows that
one has to deal (for X := u®) with terms

L
1 _
esr = ﬁlogL(X 'B) = Z

Jj=0

(=1)7log’ (X) log"~7(B)
JUL - j)!

(5.19)

Each of these terms provides a contribution

14 I+1 L . ; L—ij
1 /1 U51(=1)*9log" 7 (B)
car(A) = Z Z I (_) Z 1 Y, '
N=0 {i,a6;=1+a+N} Nt a j=0 j(L N J)(l +i +J)'

% 10g1+l+j()\)>\—(a+N+l)/a

Yy () ey Gt

1 ! :

N=0 {i,a6;=1+a+N} N \a pord (I1+1+1L)
X [log(/\—l)](1+l+L—s)>\—(a+N+1)/a'

After some algebra, one obtains

P - —1)k - Pl Di A Gy v ey 1Y ,N
G0 =2 (k! 2. 2 (71....n:!l}\/!)

N=0 k=1 i1,...,ik nil ..... O

y (i_)lil-l‘l ( 1 )lik-l‘l (l>l+1 l“'l%'l'
a;, @iy a)  (I+ 35 b+ k)

n 1
aj;—aj ' Mgy Ny, N oop n
H fp/o xjj YN lOgl (xj)fzil ~~mi:t (51,1 Ce 5zk5xl)

k
Z]‘:l lij+k—1 n

-1 s s —aj
e[ e {TE e (¢ 1T 57)

s=0 Jit1see ik

x [log(A™1)] (320 1y +h=s) }g(u) du] dxj})\—(a+N+l)/a

+zp: i l l+1Mz(E)gem(_1)m+lmm
N!'\a (m+1+1)!

m=0

n 1
<\ TLtp [ 2" 108l ) (2, 0)
0

x{ Z Crngigr log’(zy™ .. -x;a”)[bg()‘_l)](m““_s)} dxj] AT(erNF
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Asymptotic expansion of multidimensional integrals 1231

Pl “lk - P Uik AAe TERRRERLZ}
Y EE oy oy et

N=0 k=1 ' {G;Ae=’YN}i17-~-,ik Mg seey My

1 )l11+1 ( )lik+1 (l)l+l Ag) ( 1m+1g mm'ln" l lll
az, ai, a (L+1+ 5, by +m+ k)

j=1"%;

x{ H, £ [ oo togh ) fr e 67 6 6)

1+l+z z»j+m+klog( H z; J)

Jit1,-

% [log()\—l)](1+l+z,j=l li;+m+k—s) } dxj}/\—(a+N+1)/a

( 1 )lz‘l+l ( 1 )lin+l (1)l+1
X | — oo | — —
Ay a;, a

M(e) (=)™ gemmll Lo 1 W
X i n
m=0 (1 +l+2j=1 lij +m+n)!

Tig " Tin

% |:fn11 n’Ln ( o 5;:151;')[log()\—l)](1+l+zj=1 li; +m+n) )\—(a+N+1)/a,

(5.20)

where 7y = Ynv(N) := (a+ N +1)/a and the last term has been obtained by setting
k = n in the last contribution of (4.1).

Step 5: the final expansion of I,{H()\). The expansion In+1( ) = Ci(A) + Ca(A) +
C3(\) + o(A7") is found by adding the previous expansions of C;()), C2()) and of
C3(A). The relation

L 1+I1+L
> Gy log® (A)log T (B) + Y OF oy log® (A) log T (B)
s=0 s=L+1

allows us to combine most of the terms of contribution Ca(A) with those of C3(\).
The final result takes the form I7 ;(A) = S(A) + (A) + G(A) + o(A™") with, for
= (a+N+1)/a,

M(e) 1
P {1 / e-etetog 0 [ oo log (@) -
e)<r m=0 0
[fP / et og o) (g (3740 [T ) o - am o
j=1

(5.21)
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1232 A. Sellier

p 1 1 +1 1
CIOVEDY N (5) {fp/o 2 "M logh (z1) - -+

1
fp/ xgn—awzv IOgl"(:I:n)
0

X

x fN(z,0) dxn] ooday }/\“(“+N+1>/“

fp/0 wN ogh (A uzy ™ .. .z, ) g(u) du}

p n n PiyseesPi
~ (~1) P Ay ma, N)
I DD nill...n:!l}\f!

=0 k=1 T1yenyike Mg yeeny Ty

Lo 4, N

—

X
2
P

Jit1see stk

X [fp/ooo u””"l{ [log </\“1u ﬁ ;"

Jit1yeesik

x g(u) du} dz; })\"(O‘+N+1)/a

)li1+l < 1 )lik"(’-l <1>l+1 . :
: ay, a)  (+5 b +k+1-1)

1
— I Mgy N, N
pr x?] a; YN log J(xj)fzi11~~~£:t (5:11 L. 5:2 (5:1)')

(#3201 r-1)
) }

n n PiysesPiy
+Z (_1)k+1 Z Z A(niu'--anik)

k!

Rl ng!lo..ong !
k=1 T1yernybhe Mg yeeny My “n e

lzl 1k

|

x<i>l”+1 (1)%“ AN
@i, iy (Ch_ by +k—1)!

1
Xfp/ ta—-(a/ail)(ail+nil+l)logl(t)
0

X{
Jitiyeenik

o0
x[fp/ (@ +r 1) faiy ) -1
0

0

17 iy

n 1
[T fo [ apmo/metmiogh @) sz 512

x[log (A—lut—a ﬁ x;aj)](zfﬂ“ﬁk“l)

31y ik

xg(u) du} dxa} dtA (@i +ra +1) ay,
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Asymptotic expansion of multidimensional integrals

and also

p 1 1 I+1 M(e) em( 1 Ml
COREDYD 2 ~J\T!(E) Z (m+l+1
N=0 {e;ade=a+N+1}

[T [ e

« loglj (xj)ftN(-T, 0) logm+l+1()\——1ml—a1 . x;an) dini! /\—(a+N+1)/a

P (—1)kH n PR Ade(p, o
Ly i
+ >oX X aaw
N=0 k=1 {€3Ae=ANY} 11,0 ik Ty s k
1

1 \lat! 1\l 71\
i
Qi Q;), a

x Zv(j (=)™ gemmll,! - - - 1, 11!
— (l+Z] i, +m Ak + 1)
- ! aj—ajAe nzl nikN n n /
X H fp x] ].Og (xj) Z"l Z‘ikt (6i1 e 5ik 6‘1: )
J381yee stk 0
n (H-Z’,c=1 i, +m+k+1)
% [log ()\—-1 H mj—aj):| ’ ! dxj}/\—(a+N+l)/a

J3i1ye ik

n DPiys-sPip P
Z IZ A(n,-l,...,n,vn,N)
ng!...n \N!

Byeeybn Mig yeesNig N

A s “”%e) (=1)" L gepmmlly, -+ 1, 1!
“\ai, T \a, a T+t b, +m+n)!

[fn,l mn ( 6” sz’ )[log( )](1+l+z lij+m+n j|)\_(a+N+1)/a

n i1y Pi b 1
(_1)k zn: p1z k AAe(nil""’nik) (L) v (
i nal ot \a ‘

Re(Ae)gfr k=1 ily--«vik nil,...,nik

(=1)™Gemmll; ! ... 1, ! /1 o—ade 11
X plt *log'(t)
DS +m+k>! ),

{ H fp oz] a; elogl"(:cj)

i1y tk

I

J581seensik
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1234 A. Sellier

Note that S(\) and G()) involve the behaviour of function g at infinity. For con-
venience both O()\) and G(\) are rewritten as O(A) = O1(A\) + O2(A) + O3(A\) and
G(A) = Gi(A) + G2(N) + G3(N) + G4(N), where each sum O;(A\) or G;()) is as-
sociated in the right order to the occurring one in the decompositions of O(\)
or G(A). For instance, G3(\) designates the third sum arising on the right-hand
side of (5.23). Using the notations an41 = @, lpt1 = 1, apy1 = @, Tpy1 = t,
z' = (zq,.. :cn,:cn+1), Npt1 = N and also pp41 := Jar — Re(a)] — 1, formula (4.1)
states that I T = 8(\) + Ont1(A) + Gryr(N) +0(A7"), where if A € {0, G}

n+1( 1 k41 n+1

Ann1(V) : k:" Z An+1(7’1a oy i), (5.24)
k=1 " .
with
O}\ (’L z ) Piy fik’ A(nila PN ,’I’Lik,) ( 1 )lil"rl ( 1 ) i 1

1yeveylir) = _ k| — ce

n+1 ) o N, lo.. ng,, ! a;, ai,,

% lil! .. zk; { ii:[l fp/ o= (aj/aiy ) (o +ni; +1)
k'

(jan iy +R =1HL 0

x logh (m])f"ff (8T g ’)[fp / (@i niy +1)/ai)—1

nt1 (X0, 1y 4k -1)
X [log ()\”lu H :cj_aj)} g(u) du] dmj}A_(ail'l‘nil'l‘l)/ail

G581 yeenyipes

(5.25)

and also

Digyeees Pi, 1; 1 1
A . k A"e(nil,...,nik,) 1 nt 1 b+
Gn+1(21,...,lkl = E E ] i _
(2R L2 W) Qa;, Q5

M(e) n+1
(—'1)mgemm!li1! lzk/'{ / aj—a; 1.
X ; fp s Joghi (a;)
mZ=0 (Z?:l Li; +m+ k) j;il];[,ik/ ’
N n+1 (Zf':l L +m+k')
X frigay (057 671) [log (A‘l II = )] d:vj}x“
j;’i1 ,,,,, 'i;c

(5.26)

For instance, consider the contribution O,1()). Three cases arise.
(i) If ¥ =1, then

n+1 n
}: Opi1(i1) = Oppy(n+1) + Z Op1 (01)-
’i1=1 i1=1

Phil. Trans. R. Soc. Lond. A (1996)
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Asymptotic expansion of multidimensional integrals 1235

Clearly (with A(i;) = 1), O}, ,(n+1) = O1()) and also

Z 02+1(i1) = Oé()‘)

i1=1

if O}(X\) denotes the part of O3(\) associated with k = 1.
(ii) If ¥’ € {2,...,n}, observe that

n+1 n n+1l,a
. _ A . . A . .
E On+1 ’Ll,...,Zk/)— E On+1(11,...,’tkf)+ E On+1(zl,...,lk/)
eyt [N W) LS TN W)

if this latter sum means a sum over all different integers 4; (with 1 < j < k') such
that n + 1 € {i1,...,ix }. By setting ¥ = k one finds that

O3(\) — O(\) = Z Z KD)H=D)FH10N, 1 (i, - i)

k'=2141,...,0p

because in such circumstances

n+1 n
1 4= I 4l
j;il,...,ik/ j;’il,‘..,ik/

Moreover, according to (5.25),

PiysesPigy
by . . . Z ThigyeesTipy
On+1(11? e ”Lkl) - Fil,‘..,ik/ ()\)
Mg yeens My,

with .
iy e sTi,, o1y Mg gt
F'il,l g * ()‘) 10(1;,) ,zd(k/)(k )(/\)
for any permutation o of the set {i1,...,%x} (where the integers i; are all different)
thanks to the proposmon 7 and deﬁmtlon of [THF it Aj;. By using the meaning of
the sum > 7*"P% and keeping the notations p := pn4; and N := n,1, one gets
the 1mportanf relation

n Piy s sPiy n+1, PiysesPigy
ntlv 7nik)N nil""’nik+1
Z Z Z i1,eete,m+1 ( Z Z Fil,...,ik.,,l ()‘)
N=011,00050k Mg yenesNiy, 11, Skl Mgy Mg g
1 (5.27)
. . . n+ . n ) .
Obse’rve.that if n+1€ {ir,...,ip} then JI77 Ay =1} ..., Aj- Thus, if we
set k' = k + 1 the sum

n n+la

Z Z k‘" k,+10n+1(’tl, .,’ik/)

=201 ,lps

turns out to be Oy(\) — OF(A) if OF(A) denotes the contribution to the sum Oa(\)
associated with the case k = n.
(iii) If ¥ = n + 1, then

n+1 n+1,a

E O7,+1 Zl7~'-a7fn+1 § O,,+1 ’Ll, '7i'n,+1)

i1, n+l 'r+l
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1236 A. Sellier
and equality (5.27) leads to

. . n+1)(-1)" &~ — , ‘
O’r/\L-l-l(Zl)-..yzn—i-l):(—(’r;:)(]—T)_Z Z Oi-‘,—l(llﬂ"'aln-l-l)

B1yeeny Gn41 N=011,..., in
— 03N, (5.28)

Hence, it has been shown that O,;1(X) = O()). The reader may check that such a
method also ensures that G, 1(\) = G(\).

(—1)n+1+1 ntla

(n+1)!

6. Induction assumption 2 for n + 1
It is recalled that for Re(3) > —1, br > Re(8) +1and n > 1

(Koir, ) = fp /0 o log" ()

1 1
X[/ / 1% log! (£) 22" - - 2% log" (1) - -
0 0

x log'™ (z,) f(z, t)g (VP2 - - zpr)day - -dz, dt| dv. (6.1)

Introduction of integer M := inf{i with ¢ integer such that b[Re(a) + i + 1] >
a[Re(B) + 1]} and of functions T[f], R[f] such that T[f] := 0 if M < 0, else
T(f)(x,t) = 3 "g fi(w,0)™ /ml, and R[f] := f — T[f] leads to (Kp.y, f) =
K'+K" with K" := (K41, R[f]) and K" := ( n+1,T[f]> Note that [Re(a)+M]/a <
[Re(8)+1]/b < r,ie. M < [ar —Re(a )]] Consequently, if M > 0, ¢ = [ar —Re(a)] >
M and the assumption f € D@29 (]0, 1[**1) allows to define T'[f].
Step 1: treatment of contribution K'. For a given real A > 0, K’ rewrites
A oo
K' = / vP log" (v)W (v) dv + fp/ VP log" (v)W (v) dv := I) + I, (6.2)
0 A
where the new function W (v) obeys
1 1 1
W (v) =/ t¢ logl(t)[/ / zPt 2% logh (z1) - - - logh ()
0 0 0
R[f)(z,t)g(’t°z$" - - x%) dz, - - - dez,, | dt. (6.3)

Because Re(3) > —1 and W is obviously bounded on [0, A], the first integral I
appearing on the right-hand side of (6.2) exists. Moreover, definition (6.3) of function
W associated with the assumptions bearing both on functions f and ¢ and with
inequality br > Re(8) + 1 authorizes us to expand W( ), as v — 400, by using
the previous results (i.e. the expansion valid for I Rlf ]( ®)). More precisely, if R :=
[Re(B) + 1]/b one obtains '

W)= > (D, RIflv " log’ v + o(v @) +1), (6.4)

JRe(6)<R

Consequently, the function H defined by H(v) := v° log" (v)W (v) belongs to the set
Phil. Trans. R. Soc. Lond. A (1996)
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Asymptotic expansion of multidimensional integrals 1237

P(JA,+oo[,C) and I, := fp [, H(v)dv exists. Thanks to this expansion (6.4), I
also takes the form

IQ=/Aoovﬁlogh(v) [W(v)— Z <D:'LJ'+1,1\3[f]>U—béi log? (v*) | dv

j,Re(8)<R
+ S WYL, R D / VP 1ogh* () do. (6.5)
j.Re(8)<R A

If £ designates the first integral on the right-hand side of this latter equality, the
introduction of functions F; and @) such that

W(v) = /01 t*log' (t) Fy (vt%/®) dt

and

Q(t,v) := v’ log" (v)t* log! () Fu(vt*/*) — Y~ (DY, R[f)v*~*% log"* (v)
j,Re(6)<R

gives L = f:o [fol Q(t,v) dt] dv and also
1 poo . .
£ :/0 [/A Q(t,v)dv] dt =/0 t*log' () [fP/A P logh(v)Ft(vt“/b)dv] dt

- > VDRI [ 0g™ ) do, (6.6)

oo
j,Re(6)<R A

Observe that Fubini’s theorem has been applied to £. Definitions of integral I; and
of function F; also yield

I = /0 : te logl(t)[ /A T log" (v) F (vt/*) duJ dt. (6.7)

Combination of results (6.5)—(6.7) show in fact that it is allowed to invert the inte-
grations bearing on variables ¢ and v for the integral K’; more precisely

1 [ee)
K'= /0 t*log!(t)[fp /0 v log" (v) Fy(vt*/") dv] dt

with a function F; such that

Fy(u) = (T2(u®), RIf)( 1)) = / /0 22z logh (1) -+ log" ()

xR[f](z,t)g(u’z$* - - - 2%) da, - - - dz,,. (6.8)

This new form of K’ is now treated. For given t €]0, 1], observe that R[f](.,t) €
D(@1:44n)(]0, 1[") and consequently (see given explanations for function W) the func-
tion F; admits, as u — 400, the following expansion (with R := [Re(8) + 1]/b)

Fu)= Y V(D7 RIfI(t)u" log’ u + o(u=ReE1), (6.9)
i Re(8)<R

This result justifies the existence of J := fp [ v log" (v) Fy(vt*/*) dv since applica-
tion of lemma 6 (for change of scale u := vt%® with t*/®* > 0) leads with expansion

Phil. Trans. R. Soc. Lond. A (1996)
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1238 A. Sellier

(6.9) and after some algebra to

h oo
J = ¢t~ (a/b)(B+1) Z C;zn logh—-m(t——a/b)fp/ [,Uta/b]ﬁ logm[vta/b]Ft(vta/b) d(vta/b)
0

m=0

h oo
= e 3 o 1ogh—m(t~a/b>{fp | v ogm ) du
0

m=0
J(1)

+ Z Z b] DZ] R[f gm-’rj-’rl(ta/b)}. (610)

{4; b6;=B+1} j=0 m+j+ 1

Consequently, keeping the notation I (\) = (T9(\), f), the integral K’ rewrites

n

= [ ) gl {fp | o8 ey e, RIAIC >>dUJ dt+7T,
0 0

(6.11)
where the corrective term is T' = (C, f) — (C,T'[f]) if the complex (C, ¢) is defined
(see (6.10)) by

J(i) h ]+m+1bj

(o= 2 ZZ m+3+1

{i3b6:=p+1} j=0 m=0

{fp/ o (@/DE+D log! () Llog" ™+ (t74/*)(D}Y, ¢(-,t)>dt} (6.12)

Using definition of function T'[f](.,¢) and another change of variable u := vt%/® for
one integration, one obtains

— fp / R <ﬁ+1>1og<>[fp / °°uﬁ1og”<ut-a/b><Ts(ub>,f<.,t>>du] at
M1

O f) = 3 (m) fp /0 et ogl(t) [fp /0 T logh(v)Gm(vbt“)dv] dt (6.13)

m=0

with functions G,, defined by

1 1
u):/ / xf"”xg"logll(l‘l)'“
0 0

x log™ (z,) {7 (x,0)g(uz® - - - 2% ) day - - - Az, (6.14)
Step 2: treatment of contribution K". Definitions of functions T'[f] and G,, ensure
(with S~ o =0,if M < 1)

M-1

K" = Z(m!)“lfp/oOQ v? log" (v) [/01 totm logl(t)Gm(t}bt“)dt dv. (6.15)

m=0

For each m, the function G,, = (T¢(u), F;™(.,0)) is bounded on R, and admits (see
induction assumption 1) an expansion near infinity up to order O(u~") and thereby
belongs to the set B,.(]0,00[) C £,(]0,00[). Consequently, lemma 12 applies to each
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Asymptotic expansion of multidimensional integrals 1239

of the above contributions to K and leads to

fp /Ooo v? log" (v) [/01 2™ logh (£) G (v°t%) dt} dv

1 &S]
= fp/ ™ log! () {fp/ 02 log" (v) Gy (V41%) dv] dt+ A
0 0

with A := 0 except if a(B+ 1) =bla+m+1),ie. v:=(8+1)/b=(a+m+1)/a.
For M := inf{i, with i integer such that b[Re(c) + i + 1] > a[Re(3) + 1]}, it may
happen that m; := M — 1 satisfies such a relation, with the associated value of A

A= —(h—_:zl‘%ﬂ—‘ (g)“‘l {fp /000 02 log" ™t (v)G o, (vb)dv}. (6.16)

Taking into account these expressions of K', K", the integral (K, 1, f) rewrites
<Kn+1,f> = El + E2 + E3 with E2 = <C, f> and

— fp / "o+ 1og! (1) [fp / " 4P logh (ut= ) (TS (), £(. 1)) du] dt,

{m;ay=a+m+1}
(6.17)

At this stage, the reader may check that such a method also allows us to treat the
case of

(53, )= 1 | " 07 logh ()] [ 108 0rwg(ete)
0 0
by choosing

RIf] = RIf\() 2 o = RIf|(Dg(u) = (T3, RIFL(0)
=0
with
E M(i)
Fi(u) = Z Z R[f] ()b gsju=" log? u + o(u”Fe@H) " Re(4;) <R (6.18)
=0 j

Hence, (D%, ¢(t)) = gi;¢(t) and also Gm(u) = f™(0)g(u). Keeping the notation
~v = (8 +1)/b this yields

1 oo
E, = fp/o 2= log'(t) [fp/o u? logh(ut"a/b)f(t)g(ub)du] dt,

Z Rl f™(0) b\ / B logh+i+1 b

= — e ———— - 1 d

Es (s et }m!(h+l+ ) \a fp 0 8 (w)g(v") dv,
m; ay=a+m1

and also

h 1
m )'m Gij a—a l Jj+h+1l/1—a
Br= > Z[ZmHH P [ e log!()1og™ () £(1) .
{4, bA;=pB+1} j=0 -m=0
(6.19)
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1240 A. Sellier

Change of variable w = u® or w = v® for the integrals arising in the expressions of
g

FE; and FE3 and also relation
i cr(-yr Z Ch(-1) jih!
mzo(m+3+1) - I+j+h—10) (G+h+1)

lead to formula (4.14).

Step 3: treatment of contribution El Use of the relation

log" (ut=*/%) = ZC’sbs "log"*(t7) log® (u)

and of induction assumption 2 (see expansion (5.1)) in order to treat each contribu-
tion

fp / " P log* (u) (TS (), () du,

makes it possible to cast the term E; in the following form

Elzfp/lta““”logl(ﬂ[fp/l 7T log" (21) -
’ 1
x[fp [ aemeiogh aa)
Ooo h ps—h
x {fp | [Z Oz log" ™ (7 log” (wai™ -2,

x g(u) du}f(a:’) dxn} ---dxl] dt

Piq

yeesPig A’Y(nil’ e ,nik)

+

3
S
= L
N—
Pyl
M=

k=1 T1yeenylk L PRI

1 li; +1 1 i +1 1 .
X | — e | — p [ t“7]og'(t
(ail (aik> f /O & ( )

n 1
H fp/ x?j”(aj/ail ey +niy +1) log a:])fn:l‘ znl:“ ( [ 6& :1:')
. . 0

X
Ji81,eentk

o b=t Cs log" ™ (t=9) i, ! - - - 1, 1!
X[fp/ ' IZbS_H h 108 ( )

0 paard s+2j=1 i + k)

n o (s+z;°=1lij+lc)
x[log (u H ; QJ):I g(u)duil da:j}dt
Jit1seetk

+ Y S ()™ mifp /O te=ede ogl(t)

1 1
x [fp [ atrotetogt @) [fp [ asentetogh ) sa
0 0
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Asymptotic expansion of multidimensional integrals 1241
bs—h s!
Cs h—s e
{Z hbs+1(m+s+1)| ( )

x log™ etz - 'x;a")} d:cn} . -d:cl] dt

n—1 (__1)k+1 n PigssPiy
DI D DD DI
k=1 {e;Ae=~} i1, ik Mg seens Ny,
XAA (n“, ,nlk) ( 1 >l7;1+1 (_1_>llk+1
nilong! ai, @i,
M (e) 1
X3 geml =1 mifp [t 10g' (1)
m=0 0
{ 11 #» / A Yol ;) FELLImN (87 - 6,
]1,1,...

"Lbsh O3 logh o () s, L !
b (1 s+ 35 L +m k)]

s§=

s ( TT N g Y (6:20)

Jit1se ik

where it is recalled that v := (8 + 1)/b and 2’ := (@1,...,%n,t) = (x,t). The first
integral on the right-hand side of (6.20), noted E, turns out to be
1

1
B=fp [ 08 (0) o [ aeiogt ) [ [ ogt )

oo h —ai —Qan4+—a
x{ fp /0 N bh‘+‘1‘m" ! )g(u)du} f(sc’)dxn] -.-dxl] dt, (6.21)

i.e. it reduces to the integral obtained by applying without any caution Fubini’s
theorem and change of variable u := v’z {" - - - z&¢t®.

Step 4: treatment of contribution E,. Using (see result (3.15))

op (-1 Z CH(-1)*  hll
(m+j+1) (A+h+j—k (h+j+1)V

h

o

m= =0
E, := (C, f) becomes (see equality (6.12))
J (i) . h+j+1 =1
149 Jog!(¢) 1 =) AT (D f(.t))dt,
£, = bhﬂ{;{,ﬂ;fp/ og!(¢) g (¢~ P =45y (D, S 1)
(6.22)

with
J(4)

(T3 (v) Z Z (DY, ~Silog’ v+ o(v77),

Re(6;)<y =0
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1242 A. Sellier

for v — oo. Formula (4.1) for X\ := v gives this expansion of (T?(v), f(.,t)) and
thereafter provides the functions (D, f(.,t)) of variable ¢. This requires to deal
with a sum of terms

L
Ap =log" (v IH)v ™% = Z Cl (=1)Yv™% log" ™ (H) log’ (v) (6.23)
=0
where L € N, §; = Ac or 6; = (ay+n+1)/a;, L € {1,...,n}, n; € {0,...,q} and the

function H depends on (z1,...,z,,u). To each contribution is associated a corrective
term ey, such that

h! —a
€2L =~ Z fP/ £~ log' (t)

1
{#;6:=7} 0

L . L—7j
Lijt log" 7(H) . 14nii/a
X[Zj'@—j)! T hagy 8 )

=0

h! »
= Ty Z fp/ £ log' (t)

1
{i§6z:7} 0

e L'Cf/h L ’ 1+L+h—s'
T TIHREL 1608 (47 Jogt TETRS (Y | dt.
><L=§1+h A5 ht L) %8 (t7)log (H)

This result leads after some algebra to the expression of Fy := fol =97 log (¢)£(t) dt.
One obtains the following expression for &(¢):

M(e)

h! Gem(—1)™TIm! [ £~ L aid . L
) =57 O e pr/ z;? " log ()
bht D g e (1+h+m)! et o 7
h+m+1 ’ ) n (1+h+m—s")
Xf(a:’){ S Gl log? (t‘“)[log<Hx;“f)] }dx;]
s'=h+1 j=1

,l'nzk'

X <i>l“+l ( : )li”l by - by !
ai, ai, (h+ Y5 b, + k)

n 1
x{ I fp/ 29~ (03 /00) (i, 40

Frit ik 0

h' n (_1)k: i PiyyeesDiy, A’Y(nil,,,,,nik)
— k! S n

o0
1. Tgq Mg —
<log! (a,) 212 L (6 -85 fp [
0
h+Zf=1 i +k
’ /
X [ Z Cr log® (t%)
h+ Li;+k
s'=h+1 ZJ’=1 ’
Phil. Trans. R. Soc. Lond. A (1996)
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Asymptotic expansion of multidimensional integrals 1243

n (h+zj=1 Lij+k—s")
X [log (u H xj_aj)jl g(u) du] dz;

Jit1se 5tk

s (—1)F n i,
ot %l > Z Z

k=1 : {e;Ae=~} 11,0 0slle Mg ooy,

I +1 li, +1
XAAE(nil,...,nik) (_1_) (L) Kt
ng,l-ong,! ai, a;,

L (1) gl L1,

X
2 Q+h+ X0l +m+k)

m=0

4

o 1

_aiA L N
H fp/o\ a)?f ajlle log 3 (wj)fz;ll,‘.m;: (6?1 o 6::;‘17/)
J3i1seensik

1+h+Zf=1 L, +mtk

% > Cl+h+Z'?_ b +mak 108 (%)
s'=h+1 J=1"
n (1+h+Zf=1 Li; +m+k—s")
X [log ( H x;a])] }da:j}. (6.24)
j;i1,.‘.,ik

Observe that the choice of k = n for the last sum occurring on the right-hand side
of (6.24) provides the following contribution:

h! —1)" n PiyseePip
Cn = gh’L_l( n!> Z Z Z

{e;Ae=~} 11, nin Mg seensNigy

i, +1 I 1
niI! B 774"' a;, ai;,

M(e)

(=1 gmmlly ! Ll ey oems
B r : Tiy i 07"'30,t
XZ:()(1+h+Zj=1lij+m+n>!f’1 o ( )

flog(t)) 1 R T,

because {i1,...,i,} = {1,...,n} and in such circumstances
n
—aj ,_
H z; ' =1
Jii1,in

Taking into account in equality (6.20) the relation

h - h—s /41—

b5l sllog"~*(t72) . 4

s 1 +s+L H
;Chbs+1 At+s+ID) ° (H#)

! E o log” () [log(H)]' M+~

T phAT L TR (A +h+L)

s§'=0
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1244 A. Sellier
It is possible to write £ := E; + E;, — FE as

M(e)

o h! gem( 1m+1 a—aA l ay—ai A
= oht Z mfp/ t log (t)[fp/ Z;

{Ae=7} m=0

[fp/ a" anAe lOgl" ($n)f($/> 10g1+h+m (t—a H IL'j_aj) d.’l?n:| e dxl] dt

i=1
n PigyesPig

Al O A7(n,,, . i
gy G 3y Sl

Z
k=1 1150k My ey My

y ( 1 >li1 +1 ( 1 )lzk'i’l li1! e lik! f /1 ta_a’YI [(t)
—_— e — p O
i, as, (Rt Xi_ by + ) o s

n 1
aj/a; i i1 i i
{ [I s [ apcmoessm g ) ot @ - o)

Jit1yeentk

s /j [log (e 11 )] " o] oo

Jit1yetk
h' n— 1 n Piy s Pig
+ T SIS
ph+1 kl
k=1 {e;Ac=~} 11, Stk Mgy STy

li; +1 li, +1
XAAe(nil,...,nik) (L) 1t ( 1 K
’I’Lill e ’I’Lik! Q;, Qi)

xz (= 1m+19emm'li1!"'li’“! fp/lta_a/le
(1+h+35 b

i +m+k)!

<1og' () II s / 20 Jogh () fa (87 - 87

Jit1,..

n | (1+h+Z:=1 L +m+k)
% [log (t‘“ 1T a;;)] d:rj}dH—f,
G581k
with
h' ( 1 n PiyyeesPiy

f=gm o 2 2. X

{e;Ade=7} i1, yin Mg ooy,

M(e)

XAAe(nil,...,nin) Z ('—1)m+1gemm!l11!...lin!
nit.oong,! ¢ (L+h+30  li; +m+n)!

m=
1 li1+1 1 lin+1 1
% [ — U 2= g n”‘ i
(ail) <a> fp/0 g' () faitaur (0,

x[log(t_a)](1+h+Z::=1 li; +m+n) dt.
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Asymptotic expansion of multidimensional integrals 1245

Step 5: treatment of contribution E3. According to definitions (6.14) and (6.17),
this term is

1 I+1 [eS)

{m;ay=a+m+1}

1 1 m
X [/ . / -z logh (2) - '-logl"(a:n)itfj—"o)g(va‘fl cexen)day - 'dxn} }
o Jo :

(6.26)

Induction assumption 2 is used for n to deal with this form of E5. After some algebra,
this yields

E; = ——h! L (N @i~y 1ogti
g Y wla) o pr o (a)

{Njay=a+N+1}
X[fp/o w1 logh Tt (uHa:J )g(u du} N (x,0) dx,}
j=1

Bl = (=D v
OO AU VI Vi o

{Njay=a+N+1} t1,...,0k Nig My,

AY(ngy, ..y ng,) ( 1 )l"l+1 ( 1 >“k+1 (1)l+1 it 0, !
X —_ .. [ —
ny !l ng !NV \ag, aiy a)  (L+h+l+35_ U+ k)

{ H _fp / 7 logh () fort U nks Nsr .- 6n 6a)

Jitt,.

0 n (L+h+1+ Y L +k)
X [fp/ ur! [log (u H :z:j_aj>} g(u) du} dxj}
0

Jittsenie

Al 11\ T g (=)™ il
e Y owle) X X dfcron

{pr/ %= o0l (2,) £ (2, 0) dxj[log(Hx J)}(HWWH)}

Jj=1

n PigseesPig

_Elwr;lkzl _k! Z Z Z Z

{N; a’y-a—}—N—}—l} €;Ae=" t1,00sik Mg yeeny

Al (1Y (1Y (1)

’I’Lil! e nik!N! ai1 a":k a

M(e) (_l)m—}—lgemm!lil!...lik!l! i ! aj—ajAe
2 L+ h+1+30 1 k+1)! II v <
L i mnr AL P

x logh (z;) frivwN (7 87 82)

Liggeres L)

n (L+hl+ Y Ly +meth+1)
x[log( H x;aj)] da:]}, (6.27)

J3i1yeik
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1246 A. Sellier

with 6(:L'1, ey Ty t) = (21, ..., Tp, 0).

By using the proposed method in the previous section for I, +1()\) the reader may
check that by adding the contributions £, F and F3 one obtains the proposed formula
(4.13) for (K, 41, f). In fact, it is worth noting that for k£ > 1

n PiysePiy
. . . N
¥ ) ) Tigsee Mgy
E E g A (ml,...,nzk)14141,”471»’6171Jr1
{Njay=o+N+1} t1,... bk Nip Ny
n+l,a  PirrPigyg

ni1>~~-anik+l
E E AY (n'Ll’ cee ’nik+1>Fi1,‘..,ik+1 .

syl Mg e Mg
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